ON THE SINGULARITY OF SOME SPECIAL COMPONENTS 
OF SPRINGER FIBERS 
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Abstract. Let u G End(C") be nilpotent. The variety of u-stable complete 
flags is caUed the Springer fiber over u. Its irreducible components are param- 
eterized by a set of standard Young tableaux. The Richardson (resp. Bala- 
Carter) components of Springer fibers correspond to the Richardson (resp. 
Bala-Carter) elements of the symmetric group, through Robinson-Schensted 
correspondence. Every Richardson component is isomorphic to a product of 
standard flag varieties. On the contrary, the Bala-Carter components are very 
susceptible to be singular. First, we characterize the singular Bala-Carter 
components in terms of two minimal forbidden configurations. Next, we intro- 
duce two new families of components, wider than the families of Bala-Carter 
components and Richardson components, and both in duality via the tableau 
transposition. The components in the first family are characterized by the fact 
that they have a dense orbit of special type under the action of the stabilizer 
of u, whereas all components in the second family are iterated fiber bundles 
over projective spaces. 



1. Introduction 

Let V be an n-dimensional C-vector space and let m : ^> be a nilpotent 
endomorphism. We denote by B the set of complete flags, that is, chains of vector 
subspaces F = {Vq C Vi C . . . C Vn = V) with diml^ = i for all i. Then, B is an 
algebraic projective variety. We define 

Bu ^{F^{Vo,...,Vn)eB: u{Vi) C V, for all i}, 

the subset of u-stable flags. Then S„ is a closed subvariety of B (in general non- 
irreducible). The variety Bu identifies with the fiber over u of the Springer resolution 
(cf. |14j . |15|). it is called Springer fiber. Springer fibers arise in geometric repre- 
sentation theory, in relation with Springer Weyl group representations. The study 
of their geometry sets quite challenging problems. Among those, we study in this 
article the question of the singularity of their irreducible components. 

The singularity of the components of Bu has been studied by only few authors. 
First it was proved that, in some simple cases depending on the Jordan form of u, 
every component of Z?„ is smooth. J. A. Vargas !17J proved this for u having only one 
non-trivial Jordan block (this is the so-called hook case). F. Fung [7 established the 
property for u having two blocks (the so-called two-row case), proving in addition 
that in this case every component is an iterated fiber bundle of base (P^, . . . ,P^). 
N. Spaltenstein jT2] and J. A. Vargas [f 7^ provided the first example of a singular 
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component, in Bu, for u having four bfocks of lengths (2, 2, 1, 1). J. Pagnon and N. 
Ressayre [10] constructed a family of smooth components, adjacent to Richardson 
components. 

The present article comes as a continuation of two recent joint works with A. 
Melnikov. In [4], we complete the picture started by F. Fung and J. A. Vargas: we 
prove that every component of Bu is smooth in exactly four cases depending on the 
Jordan form of u: 1) the hook case; 2) the two-row case; 3) if u has three Jordan 
blocks, two of arbitrary length and one which is trivial; 4) if u has three blocks of 
length 2. 

In J5| , we provide characterizations of the singular components of a given Springer 
fiber Bu, in the particular case = (called two-column case). For this case, we 
prove also that the singular components are rationally singular. The study of the 
singularity of components of Springer fibers is the most fruitful in the two-column 
case. In their recent paper, N. Perrin and E. Smirnov ill, provide information on 
the type of the singularities, they prove that the two-column type components are 
normal and have rational singularities. 

In the present article, we study the singularity of the components of Bu for u 
general, but while concentrating on some particular families of components. This 
article contains two main results. 

1) The so-called Bala-Carter components are in duality towards the Richardson 
components. Whereas Richardson components are always smooth (they are para- 
bolic orbits), Bala-Carter components are in many cases singular. As a first result, 
we give a necessary and sufficient condition for a Bala-Carter component to be sin- 
gular. It will follow from the criterion that, among components of Springer fibers, 
Bala-Carter components are the most susceptible to be singular, in the sense that 
whenever Bu has a singular component, it admits one of Bala-Carter type. 

2) We introduce a new family of components generalizing the Bala-Carter compo- 
nents, which is in duality towards a family of components generalizing the Richard- 
son components. The generalized Bala-Carter components are those containing a 
dense orbit of a special type under the action of the stabilizer of u. Then we prove 
that every generalized Richardson component is an iterated fiber bundle over pro- 
jective spaces. In the two-column case, every component is generalized Bala-Carter, 
whereas in the two-row case, every component is generalized Richardson. Then we 
retrieve in particular the result due to F. Fung. 

2. Background and statement of main results 

Before stating our results, which will be done in the subsections 12.21 and 12. 3i we 
need to set up the basic background. 

2.1. Components of Springer fibers. The variety Bu is an algebraic projective 
variety, which is connected but, in general, reducible. Following R. Steinberg [T6] 
and N. Spaltenstein [13', Bu is equidimensional and its irreducible components are 
parameterized by a set of standard tableaux. In this subsection, first, we present 
Spaltenstein's construction. Then, we recall the definition of two special families of 
components of S„: the Richardson and Bala-Carter components. 

2.1.1. The Jordan form X{u) and the Young diagram Y(u). Let X(u) = (Ai > A2 > 
... > Xr) be the sizes of the Jordan blocks of u. We have Ai -I- A2 -I- . . . + Ar = n., 
that is, the sequence X{u) is a partition of n. Let Y{u) be the Young diagram of 
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rows of lengths (Ai, . . . , Ar), that is, Y{u) is an array of r left-adjusted rows with 
the z-th row containing Ai empty boxes. 



Example: X{u) = (3, 2, 2, 1) ^ Y{u) = 



The diagram Y{u) is a datum equivalent to the sequence A(m), and to the Jordan 
form of u. Also, the particular Jordan forms invoked in section[l]may be interpreted 
in terms of the diagram Y(u). In a transparent way, in the hook case (i.e., u has 
only one non-trivial Jordan block) the diagram has only one row of length > 2, in 
the two-row case (i.e., u has two blocks) the diagram has two rows, and respectively, 
in the two-column case (i.e., = 0) the diagram has two columns. 

Let X*{u) = {XI > ... > A*) be the partition of n conjugate of X{u), that is, 
AJ, . . . , A* are the sizes of the columns of the diagram Y{u). The dimension of S„ 
has the following expression in terms of A*(u) (see [131 §11.5]): 

(1) dimB^^t^^^- 

i=i 

2.1.2. The irreducible components K7 C Bu- Recall that a standard Young tableau 
(in short, standard tableau) is a numbering of Y{u) with the entries 1, . . . , n, such 
that the entries increase from left to right along the rows and respectively from top 
to bottom along the columns. For instance, here is a standard tableau of shape 
Y(u), where Y(u) comes from the previous example: 



T = 



1 


3 


8| 


2 


5 




4 


6 




7 





A standard tableau T is in fact equivalent to the datum of the maximal chain 
of subdiagrams Y^ C Y^ C . . . C Y^ = Y{u), where Y-^ is the shape of the 
subtableau of T formed by the entries 1, . . . , i. 

Spaltenstein's construction of the components of Bu relies on a partition of Bu 
into subsets associated to the T's standard. For F = (Vb, Vi, . . . , 1^„) G Bu, 
each Vi is w-stable and the restriction U|y. e End(yi) is nilpotent. Its Jordan form 
is represented by a Young subdiagram Y{u\y^) C Y{u). This defines a maximal 
chain of subdiagrams Y{u\y^) C Y{u\y^) C . . . C Y{u\y^) = Y{u). Then we set 

Bl^{Fe Bu : Y{u\yJ = F,^ Vz = 1, . . . , n}. 

The variety Bu is indeed the disjoint union of the subsets B^. Due to [131 §11.5], each 
subset Bu is locally closed in Bu, irreducible and smooth, and dimSjf = dim Bu- 
Therefore, the irreducible components of S„ are the closures /C^ :— Bu in the 
Zariski topology, they are parameterized by the standard tableaux of shape Y{u), 
and we have dim/Cj = dim Bu for every T. 

Note that, up to isomorphism, /Cj depends only on the tableau T. That is why 
we will drop the index from the notation and write IC^ = JC^- 
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2.1.3. Bala-Carter and Richardson components. A Bala-Carter component of Bu 
is associated to a permutation of A(u), that is, a sequence tt — (tti, . . . ,7r, ) which 
coincides with A(u) = (Ai,...,Ar-) up to ordering. A Richardson component is 
associated to a permutation of the conjugate partition A*(u). We denote by Au the 
set of permutations of X(u) and by A* the set of permutations of X*(u). 

Observe prehminarily that a flag F — {Vo,...,Vn) G Bu induces a nilpotent 
endomorphism u^Vj/Vi ^ End(Vj/Vi) for any < i < j < n. Moreover, the map 
F I— > ranku|y./y. is lower semi-continuous (see [3l Lemma 2.2]). 

Let TT — (tti, . . . , TTr) € A„. For j S {0, . . . , r}, set = tti -I- . . . -I- tt^ . We say 
that F G Bu is 7r-regular if uiy. /y. is regular for all j = 1, . . . , r. The set 

U^'^ = {F eBu-- F is TT-regular} 

is then an open subset of Bu- Let Z„ = {5 e GL{V) : gug~^ — u} be the stabilizer 
of u. In fact, the set U^'^ is irreducible, since it is a Z„-orbit of Bu (see also section 
I2.3.ip . Hence, its closure in the Zariski topology, denoted by /C^^, is an irreducible 
component of Bu, called a Bala-Carter component (see also §5.10]). 

Let TT = (tti , . . . , TTs) e A* and, for j G {0, . . . , s}, set ij = ni + . . . + TTj. We say 
that F Bu is 7r-trivial if u\y. /y. = for all 7 = 1, . . . , ,s. The set 

/C^ ^ {F eBu-- F is TT-trivial} 

is then a closed subset of Bu- In fact, there is a unique partial flag Wi C W2 C 
- - . C Ws = V with dim = ij and u{Wj) C Wj-i for aU j, hence, F G S„ is 
TT-trivial if and only if Vi^ — Wj for all j- Denoting by B{W) the variety of complete 
flags of a space W and letting B'-"'^ = S(C"), we obtain a natural isomorphism 

(2) /C^ = B{Wi) X S(M^2/M^i) X • ■ • X i3(IF,/M/^,_i) = S'^^) x S^^^' x • • • x B^^'^^ 

(see [TOl §7]). Therefore, /CjJ is irreducible and of same dimension as Bu- Hence, it 
is an irreducible component of Bu, called a Richardson component. 

2.1.4. Duality between Bala-Carter and Richardson components- Let us describe 
the standard tableaux corresponding to Richardson and Bala-Carter components. 
Let TT = (tti, . . . , TTr) G A„, and let be the tableau obtained as follows: draw an 
array of r left-adjusted rows, with tti boxes in the z-th row filled in with the numbers 
TTi -I- . . . + TTi-i -f 1, . . . , TTi -I- . . . -I- TTi, and thcu push to the up the supernumerary 
boxes in each row, so to obtain a standard tableau of shape Y{u)- For example: 
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2 
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4 




6 
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8 
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8 






7 







Then, we can see that U^'^ C B'^" (see also section HXJ), so that /C^'^ = /C^". 

Similarly, for tt — (tti, . - . ,tTs) G A,*, let T* be the tableau obtained as follows: 
draw an array of s top-adjusted columns, with tti boxes in the i-th column filled in 
with the numbers tti -|- . . . -|- tt^-i -|- 1, . . . , tti -|- . . . -|- tt^, and push to the left the 
supernumerary boxes in each column, to obtain a standard tableau of shape Y{u)- 

Then, we have the inclusion Bu" C /C^, and therefore, IC^ — JC^^ (see [lOl §7]). 

In fact, the tableau T* is obtained through the Robinson insertion algorithm 
from a Richardson element w G S„, whereas is obtained from a Bala-Carter 
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element, i.e., of the form wowwq ^, with w e S„ Richardson and wo >-n — i + 1 
(cf., i). 

To u, we may associate a nilpotent u* G End(l^) such that w, u* have conjugate 
Jordan forms: X{u*) = A*(u). We consider the corresponding Springer fiber Bu"- 
For T a standard tableau of shape Y{u), denote by T* its transpose of shape 
Y{u*), that is, the i-th column of T* coincides with the i-th row of T. Thus, to 
each component IC'^ = K.^ C B^, it corresponds the component K.^ = /Cj. C Bu*- 
From the description above, we infer the duality property: 

IC^ is Bala-Carter <^ K.^ is Richardson. 



2.2. Singularity criterion for Bala-Carter components. It follows from for- 
mula ([2|) that the Richardson components of Bu are smooth and pairwise isomor- 
phic. On the contrary, the Bala-Carter components of Bu are not pairwise isomor- 
phic in general, in addition there can be smooth and singular ones. Our first result 
is a characterization of the singular Bala-Carter components. 

We recall two examples of singular components of Springer fibers. The first 
example is iC" C S„ for u having the Jordan form A(u) = (2,2,1,1), the second 
example is K.^ C Bu for u of Jordan type A(u) — (3,2,2). These two singular 
components are associated to the tableaux 



T . 
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4 




6 





and S 
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4 




6 


7 



(see [4] and [II])- Notice that both components are Bala-Carter, associated to the 
following permutations of the Jordan block size sequences: (1, 2, 2, 1) and (2, 3, 2). 

If TT = (tti, . . . , TTr) and p = (pi, . . . , pfe) are two sequences of integers, say ir > p 
if there are 1 < «i < . . . < i/c < r such that Tr^, > pi for every / e {1, . . . , fc} (in 
particular r > k). Then, our result can be stated: 

Theorem 1. Let n G Au be a permutation of the Jordan block sizes sequence X(u), 
and let JC^'~' C Bu be the corresponding Bala- Carter component. Then, /C^*~" is 
singular if and only if tt > (1, 2, 2, 1) or n > (2, 3, 2). 

We derive two corollaries from this characterization. First, as we know from [3] 
that Bu admits a singular component provided that X{u) > (2,2,1,1) or X{u) > 
(3, 2, 2), we see that in this case, we can always find tt G A„ satisfying tt > (1, 2, 2, 1) 
or vr > (2,3,2). That is: 

Corollary 1. Whenever the Springer fiber Bu admits a singular component, it 
admits a singular component of Bala- Carter type. 

Second, we easily infer from the theorem that in many cases, all the Bala-Carter 
components of Bu are singular: 

Corollary 2. If X{u) > (2,2,2,2) or X{u) > (3,3,3), then every Bala-Carter 
component of Bu is singular. 

It is convenient to represent a sequence tt = (tti, . . . , tt^) G A„ by a graph: each 
number tt^ is represented by a chain of tt^ — 1 arcs connecting two by two tt^ vertices 
arranged along a horizontal line, then the graph corresponding to tt is obtained 
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by juxtaposing the chains for tti, . . . , nr. For instance, (1, 2, 2, 1) and (2, 3, 2) are 
represented by the graphs 

(3) . /\ /\ . and /\ /V\ /\- 

The relation tt > p is then translated in terms of an inclusion of graphs: the graph 
of p can be obtained from the one of n by repeating the procedure of deleting either 
a whole connected component or the extremal vertex of a connected component 
(together with the corresponding arc). Then, the Bala-Carter component /C^'^ C Bu 
is singular if and only if the graph representing tt contains one of both graphs of 
formula ([3]). 

2.3. Generalization of Bala-Carter and Richardson components. Let Z„ — 

{g G GL{V) : gug^^ — u] be the stabilizer of u. This is a connected closed sub- 
group of GL{V), and its natural action on flags leaves Bu and every component of 
Bu invariant. In this subsection, we define a notion of particular orbit of Bu under 
the action of Z„, which we will call Jordan orbit. We point out that a compo- 
nent is Bala-Carter if and only if it contains a dense Jordan orbit of a particular 
type, called standard. Then we consider the components which contain a (not 
necessarily standard) Jordan orbit, they provide a generalization of Bala-Carter 
components. We state two results: the first one characterizes the generalized Bala- 
Carter components, the second one says that, if K?" is generalized Bala-Carter, 
then the component /C^ is an iterated fiber bundle of base a sequence of projective 
spaces. 

2.3.1. Jordan orbits. Recall that A(it) = (Ai,...,Ar) are the sizes of the Jordan 
blocks of u. We denote by n„ the set of partitions of {1, . . . ,ri} into r subsets of 
cardinal Ai, . . . , Ar. Hence, an element tt S n„ can be written tt = (/i, . . . , Ir) such 
that 

/iU...U/,. = {l,...,n} and |/fc| = Afc for all A;. 

We will write /i, . . . , G tt. A partition tt e n„ can be (and will be) identified to 
a map tt : {1, . . . , n} — s> {1, . . . , n} U {0} such that 

7r(i) e {0, 1, . . . ,i - 1}, and 7r(i) = 7r(j) ^ i ^ j. 

Indeed, assuming i £ Ik, let 7r(i) = if i = mm{Ik), and let 7r(i) be the predecessor 
of i in Ik otherwise. Alternatively, we represent tt by a pattern (also denoted by tt) 
consisting of n points along a horizontal line which we label from left to right by 
1, . . . , n, with arcs {j, i) for 7r(i) — j. For instance, tt = ({1, 2, 5}, {3, 8}, {6, 7}, {4}) 
is represented by 




12345678 



For TT G n,i, a basis (ei, . . . , e„) of V is said to be a 7r-basis if it satisfies 

f u(ei) = e^(i) if 7r{i) ^ 0, 
1 u(ei) = otherwise 

(this is simply a Jordan basis, numbered according to tt). We denote by the set 
of fiags which can be written F = ((ei, . . . , ei))i=o,...,n for some 7r-basis (ei, . . . , Cn). 
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Clearly, C Bu- Notice that the set of 7r-bases is an orbit of under the action 
of Zu- Therefore, Zjr is a Z„-orbit of Bu- We call it a Jordan orbit. 

To a partition tt G n„, we associate a standard tableau in the following 
manner. For i e {1, . . . , n}, let c.„(i) be minimal such that tt'^"'^^) (i) = 0. Then, let 

be the unique standard tableau of shape Yiu) which contains i in its c-,^{i)-\h 
column for every i. For instance, for tt like in the previous example, we have 
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7 
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6 







For TT e n„, it is easy to see that the orbit lies in the set B^^ (cf. section [2.1.2p 
and therefore, in the component K?^^ . 

Remark 1. In general, any Z^-orbit of B^ is not a Jordan orbit. Suppose for 
example A(u) = (3, 1). Let (e, e', e", /) with u(e") = e', u(e') = e, u(e) = u{f ) = 
be a Jordan basis. Then the flag F = (0 C (e) C (e, e' + /) C (e, e', /) C T^) does 
not belong to any Z^r- However, the Jordan orbits are all the Z^-orbits of Bu in 
the two-column case (see O §2]). 

Now, let us characterize a Bala-Carter component in terms of Jordan orbits. 

A partition tt e n„ is said to be standard if 7r(i) G {0, i — 1} for all i (equivalently, 
TT = (/i, . . . ,/r) where the /j's are integer intervals). We denote by II" C n„ the 
subset of standard partitions. The orbit Z^^ associated to a standard partition tt is 
called a standard Jordan orbit. Notice that there is a one-to-one correspondence 
between the set of permutations of the sequence X{u) and the set H'^ of standard 
partitions: an element tt = (tti, . . . ,7rr) G A„ can be seen as a standard partition 
{h, . . . ,Ir) S n° where for j = 1, . . . , r, we set Ij = {tti + . . . + ttj-i -I- 1, . . . , tti -|- 
. . . + TTj}. The definition of the tableau T^r for vr G A„ in the subsection 12.1.41 is 
compatible with the previous one given for tt G IIu in this subsection. 

Let TT = (tti, . . . ,TTr) G A^ aud let us come back to the definition of the Bala- 
Carter component IC^'^ C Bu- For j — 0, . . . ,r, write ij = ni + . . . + iij . Then JC^'^ 
contains as a dense subset the set U^'^ formed by the flags F — (Vb, . . . ,Vn) & Bu 
such that /y. ^ is regular for all j. For such a flag, we find xj G Vi^ such that 

Due to the Jordan form of u, we have Vi- C Vi-_-^ + keru'^^ for all j, hence we may 
choose Xj G keru'^J. For ij^i < i < ij, put — u^^^'^{xj). We necessarily have 

= Vi^_, + (e/ : ij^i <l<i). 

Altogether, ei, . . . , e„ form a basis of V which satisfies 

Vi = (ei,...,ei) Vi G {0, 

r M(ei) = if i = ij + 1 for some j G {0, . . . , r — 1}, 
1 u{ei) = Ci-i otherwise. 

Thus, this is a 7r-basis. Conversely, if (ei,...,en) is a 7r-basis, then the flag 
((ei, . . . , ei))i=o,...,n lies in U^'" . It results 14^'^ — Z^, hence A^^^ contains a dense 
standard Jordan orbit. Using the correspondence II^ = A,j, we therefore obtain: 

Proposition 1. A component IC^ C Bu is Bala- Carter if and only if it contains a 
dense standard Jordan orbit. 
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2.3.2. Generalized Bala-Carter components. We consider the components which 
have the property to contain a dense Jordan orbit Zt^ (not necessarily standard). 
In particular, due to the above, Bala-Carter components hold this property. Our 
first purpose is to characterize these components. 

Let TT = {Ii, . . . , Ir) e Iltj be a partition of {!,..., n}. We say that tt has a 
crossing if there exist i,j G {l,...,n} with < 7r(j) < 7r(i) < j < i (that is, 
there is a crossing of two arcs in the graph representing tt) . We say that Ij < Ik if 
Ij C ]min(/fe), max(/fe)[ . Then, we define nj^ as the subset of elements tt e n„ with 
no crossings, and satisfying 

Ij<h >\Ik\. 

Note that in particular 11^ C n„. The elements of are characterized by the fact 
that their graph representation has no crossing, and if a chain of arcs lies under 
another one, then the first chain is the longest. For example, if the graph is 




then TT does not belong to 11^ . If the graph is 



then TT lies in 11^. Notice that these graphs generalize the notion of cup diagrams 
(see [7], [9], [18]). 

We characterize the components with a dense Jordan orbit as follows. 

Proposition 2. The Jordan orbit Z^^ C Bu has maximal dimension dim^^r = 
dim Bu if and only if tt ^ 11^. In particular, the mapping tt i— A^^" is a one-to-one 
correspondence between partitions tt G 11^ and irreducible components of Bu which 
contain a dense Jordan orbit. 

The proof is given in section [3] 

Let X,Bi, . . . , Em be algebraic varieties. We recall from [7] the notion of iterated 
fiber bundle, defined in the following inductive manner. If m = 1, then we say 
that X is an iterated fiber bundle of base Bi if there is an isomorphism X ^ 
El. If m > 1, we say that X is an iterated fiber bundle of base (i?i, . . . ,5^) 
if there is a fiber bundle X — >• Bm whose fiber is an iterated fiber bundle of base 
(Bi, . . . , Bm-i)- For instance B^'^\ the variety of complete fiags of C™, is naturally 
an iterated fiber bundle of base (P^, . . . , P™~^). Then, it follows from formula 
dH) that every Richardson component of Bu is an iterated fiber bundle of base 
(Pi, . . . ,P^*-i, . . . ,P\. . .,P-^:-i). Or, in other words, liKT' cBu'isa. Bala-Carter 
component and T* denotes the transposed tableau of T, then K?" is an iterated 
fiber bundle of base (P\ . . . ,P^i-\ . . . ,pi, . . . ,P^'--i) (cf. section dX!]) . 

More generally, we have the following result: 

Theorem 2. Let A(u) = (Ai > . . . > A^.) be the sizes of the Jordan blocks of 
u. Let tC^ C Bu be an irreducible component, associated to the tableau T . Let 
K.^ C Bu" be the component corresponding to the transposed tableau T* . If 
K.^ contains a dense Jordan orbit, then K.^ is an iterated fiber bundle of base 
(pi,...,P^i-i,...,pi,...,P^'-i). 
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Remark 2. In the two-column case, every component contains a dense Jordan orbit 
(see O §2]). Theorem [2] then impUes that, in the two-row case, every component is 
an iterated fiber bundle of base (P^, . . . ,P^) (A2 terms). In this manner, we retrieve 
a property which had been shown directly by F. Fung ]J^. 

2.4. Outline. The remainder of the paper comprises five parts. Section [3] is de- 
voted to the proof of Proposition [2] Using counting arguments, we provide an 
inductive estimation of the dimension of a Jordan orbit (formula ([6])). By in- 
duction, we derive that Z^^ has the same dimension as Bu if and only if tt £ 11^. 
Proposition [2] is obtained from this property. 

The proof of Theorem [5] is given in section [T] It relies on the description of the 
standard tableaux associated to generalized Bala-Carter components that Proposi- 
tion [2] provides. 

Sections |4H6] are devoted to the proof of Theorem [T] In section |4j some prelim- 
inary results are provided, which are expressed as inductive criteria of singularity 
for Bala-Carter components (Corollaries [3][5]). In section [5l we prove the impli- 
cation (<;=) of Theorem [1] and to this end we construct two families of singular 
Bala-Carter components and invoke the inductive arguments of the previous sec- 
tion. In section [6l we prove the implication (=>) of Theorem [TJ To do this, again 
applying the preliminary results provided in section |4j we reduce the problem to 
check the smoothness of a single type of Bala-Carter components. The proof that 
this component is indeed smooth (Proposition llOp is done by computing. 

Notation. We set some conventional notation. We denote by S„ the group of per- 
mutations of {1, . . . , n}. Let P™ be the projective space of dimension m (i.e., the 
variety of linear lines of C™+^). If 1^ is a vector space, let End(y) be the space of 
endomorphisms of V and let GL{V) be the group of invertible endomorphisms. If A 
is a finite set, let \A\ denote its cardinal. Moreover, if A is composed of integers, let 
min A (resp. max A) be its minimal (resp. maximal) element. If a, b are integers, let 
[a, b] — {a, ■ . ■ ,b} be the integer interval between a, b, and let ]a, b[ = [a, b] \ {a, b}. 
If X is an algebraic variety and x G X, let T^X denote the tangent space of X 
at the point x. If F C X is a subset, we denote by Y its closure in the Zariski 
topology. Other pieces of notation will be introduced in what follows. The reader 
can find an index of the notation at the end of the article. 

3. Components with a dense Jordan orbit 

As in section [21 we fix a nilpotent element u G End(y). We denote by A(u) = 
(Ai > . . . > \r) the sizes of the Jordan blocks of u, by Y{u) the Young diagram 
of rows of lengths Ai, . . . , Ar, and by A*(u) = (A^ > . . . > A*) the lengths of the 
columns of Y{u). Let = {g G GL{V) : gug^^ = u} be the stabilizer of u. The 
purpose of this section is to show Proposition [2l 

3.1. MfLximal dimensional Jordan orbits. We consider an element tt G n„. 
Thus TT is a partition of {1, . . . , n} which can be written tt = (/i U . . . U /,.), with 
\Ij\ — Xj for all j. Alternatively, tt can be seen as the map n : {!,..., n} — >■ 
{0, 1, . . . ,n} with 7r(i) — $ ii i = min(/j), and 7r(i) is the predecessor of i in Ij if 
i G Ij, i min(/j). 

We consider the Z„-orbit Zt^ 'Z Bu- In this subsection, we determine under which 
condition we have dimZ^r = dimB„. More precisely, our purpose is to show: 
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Proposition 3. We have dimZ-,^ = dim Bu if and only if n <E U^. 

We need some preliminary computations. As a first step, we give tlie dimension 
of tlie group Zy,. 

s 

Lemma 1. We have dimZ„ = ^^(A^)^. 

k=l 

Proof. The group Zu is an open subset of the vector space 3u = {x G End(y) : 
xu = ux}, hence dim Z„ = dim3«- Let Wi, . . . , Wr be the Jordan blocks of u, that 
isV = Wi®.. .®Wr, dim Wj- = and Wj = (ej,u{ej), u^i~'^{ej)). An element 
a; G 3m is characterized by the images x{ej) for j = 1, . . . ,r, and we necessarily 
have x{ej) e ker . Conversely, given fj e keru'^^ for every j e {1, . . . , r}, there 
is a unique x G such that x{ej) = fj for all j. It follows: 

r s 

dim3u = dim ker u"^^ = ^ \{j : Xj = dimker u*^. 

j=i k=i 

Note that, for fc = 1, . . . , .s, dim kcr u'' = A| + . . . + A^. In addition, \{j : Xj = k}\ = 
A^ — A^_j_j^ (by convention X*_^_i — 0). It results that 



dim3„ = ^(A^ - Xl^,){Xl + ... + Xl) = ^(A^ 



fe=l k=l 



This proves the lemma. □ 

Now, fix a TT-basis (ei, . . . , e„) and let Fq = ((ei, . . . , ei))i=o,...,n € .H^ be the 
corresponding adapted flag. Then 2^ is the .^^-orbit of Fq. Let Z^" = {g € Zu : 
g{ei) G (ei, . . . , e,) Vi = 1, . . . , n} be the subgroup of elements fixing Fq. Then 

(4) dim = dim Zu — dim Z^° . 

In the next step we determine dimZ^". Set by convention 7r(0) = and < a for 
all a e {!,..., n}. For j = 1, . . . ,r, let kj = max(7j). Define 

A(7r) = e {1, . . . ,n} X {1, . . . ,r} : tt'W < Tr\kj) V/ > 0}. 

Then: 

Lemma 2. We have dim Z^" = \A{n)\. 

Proof. The subgroup Z^° is an open subset of the vector space 3^° = {x & "du '■ 

x{ei) G {ei, . . . ,ei) Vi = 1, . . . , n}, hence dim = dim3^''. 

An element x G 3^° is determined by the images x{ekj) for j = 1, . . . , r. In 
addition, we must have x{e„i(^i^.-^) G (ej : 1 < i < n^kj)) for all j G {!,..., r}, 
I > 0. Recall that a;(e^!(i)) = xu^{ei) = u\x{ei)) for all i G {!,..., n}, I > 
(setting 60 = 0). Hence we must have x{ekj) G (e^ : 7r'(z) < 7r'(fcj) for all I > 0). 
Conversely, given fj G (cj : 7r'(«) < n\kj) VI > 0) for j = 1, . . . ,r, there exists a 
unique x G 3^° such that x{ekj) = fj for all j. It follows 



dim3^° = ^ |{i G {1, . . . ,n} : 7r'(i) < n^kj) V/ > 0}| = |^(7r)|. 
The lemma is proved. □ 
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Next, we establish an inductive estimate of the cardinal of the set A{tt). We 
suppose n G Ijg and we may suppose that \jg = \Ijg\ > \Ij\ for j > jo. Let 
Ijg = IjoMn}, and let /j = Ij for j ^ jo ■ Let A^-^ = Xj^-l and let A^- ^ Xj for j ^ Jq. 
Consider a nilpotent element u' £ End(C"'~"'^) of Jordan form A(u') = {X[, . . . , AJ,). 
Then n' = (/(,..., /^) belongs to Hu', it defines a Z-u'-orbit Z^/ C Bu' and, in 
addition, it can be seen as a map tt' : {1, . . . , n — 1} — > {0, 1, . . . , n — 1} which, in 
fact, is the restriction of tt. 

Let Y{u') be the Young diagram associated to A(u'), that is, the sizes of its 
rows are A'^, . . . , A^. Let A*(u') — (A'^*, . . . ,X'*) be the sizes of its columns. Setting 
lo = Xjg , we then have AJ* = jo^l and X[* = A;* for I ^ Iq. Therefore, using Lemma 
[T]and formula ([IJ, we infer that 

(5) dim Zui = dim Z„ — 2 jo + 1 and dim Bu' = dim Bu — jo + 1- 

We may consider the set A{tt') relative to tt'. 

Lemma 3. We have |^(7r)| > |^(7r')|+jo, where equality holds if and only if there 
are no j > jo, * G Ij and I > such that 7r'+-'^(i) < 7r'+-'^(n) < 7r'(i) < 7r'(n). 

Proof. For j = l,...,r, we write k'j = max(/j). Notice that we possibly have 
I'j^ = 0. In this case set by convention k'j^ = 0. The arguments remain valid in this 
case. We always have fcj^ — 7r(n). 

First, we show that A^n') C A{tt). Let («, j) 6 A{tt'), that is, 7r"(i) < n'\k'j) 
for all I > 0. We have to show that 7r'(i) < 7r'(fcj) for all I > 0. li j ^ jo, then 
k'j — kj and, as tt' is the restriction of7ron{l,...,n — 1}, the property holds 
and we infer that («, j) G A{t:). Assume j = jo. Then k'j — 7r(n) and we have 
7r''(fc^) = 7r'+^(n) < 7r'(n) for all / > 0. Hence the property holds, and we get 
(i, j) e A{tt). Finally, we have obtained the desired inclusion A{tt') C A{Tr). 

We have (n, jo) G ^(tt) \ A{tt'). Since fcj < n for j 7^ jo, by definition, there 
cannot be another element of the form (n, j) in A{Tr). 

Let j e {1, . . . , jo - 1}. We have 7r^'-i(fcj) > 7r-^J^i(fc^J = 0, hence (fc^, jo) ^ 
A(7r'). Hence there is ij G /j minimal such that {ij,jo) ^ A{'k'). By minimality, 
we have 7r'+i(ij) < 7r'(A;^J = 7r'+i(n) for all / > 0, therefore, (ij, jo) e A(7r). Thus, 
for i G /j, we have («, jo) G ^(tt') n A{t:) for i < ij, (ij, jo) G ^(tt) \ ^(t!"')' ^-^d 
necessarily (i, jo) ^ ^(tt) for i > ij (because otherwise, we would have (ij, jo) £ 

AiTT')). 

At this stage, we have obtained that |j4(7r)| > |A(7r')| + jo, with equality if and 
only if there are no j > jo and i G Ij such that (i, jo) G A{t:) \ A{Tr'). It remains 
to show that this condition is equivalent to the condition in the statement of the 
lemma. Let us show this equivalence. 

(<S=) Suppose that there are j > jo and i G Ij such that («, jo) G A{'!t) \A{tt'). As 
(iJo) ^ A{Tr'), there is / > such that 7r'(i) > 7r'(fcjJ, that is 7r'(i) > 7r'+i(n). As 
(i, jo) G A{n), we have 7r'(n) > 7r'(i) and 7r'+^(n) > 7r'+^(i). In fact, 7r'(n) 7^ 7r'(i), 
because both are ^ 0. Moreover, 7r'(i) ^ implies 7r'+^(n) ^ 0, by the definition 
of TT and because \Ij \ < hence it also comes 7r'+^(n) 7^ 7r'+^(i). Thus, we have 
found j > jo, « G and Z > such that 7r'+i(i) < 7r'+i(n) < 7r'(i) < 7r'(n). 

(=>) Suppose there are j > jo, i & Ij, I > Q with 7r'+i(i) < 7r'+i(n) < 7r'(i) < 
7r'(n). In particular (j,jo) ^ ^('""O- Then, there is ij G /j minimal such that 
(ij, jo) ^ ^(tJ"')- above, the minimality implies (ij, jo) G ^(^)- Thus, we have 
found j > jo and ij G /j such that (ij, jo) G ^(tt) \ A{tt'). □ 
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Now we are ready to prove Proposition [3l 

Proof of Proposition We reason by induction on n > 1 with immediate initial- 
ization for n = I. Suppose that the property holds for n — 1 > 1 and prove it for 
71. Combining the relations ([4]) and (O and Lemmas [21 [3l we obtain 

(6) dimS„ — dimZ^r > dim Bu' — dimZ^r' 

with equality if and only if there are no i > joj * G Ij and I > such that 
7r'+i(i) <7r'+i(n) < tt^i) < ir' (n) . 

Let us interpret the last relation whenever it holds for some j > jo, i Ij, 
I > 0. If 7r'+^(i) > 0, then it implies that tt has a crossing. If 7r'+^(i) = 0, then 
7r'(i) — min(/j) and we have Ij < Ijg though \Ij \ < \Ijg\- In both cases, the relation 
implies tt ^ 11^. 

Suppose TT e n^. Then, the equality holds in relation ([6]). Let us show that 
tt' G n^, . It is immediate that n' has no crossing. Suppose /j < // with j, I e 
{1, . . . , r} and let us show > |J;|. If jo ^ {j, I}, then this follows from the fact 
that /j — Ij, I[ — Ii and vr G 11^. We cannot have /j^ < otherwise there is i G // 
with 7r(i) < 7r(n) < i < n and vr has a crossing. If /j < /j^, then Ij < Ij^ and we 
derive — \Ij\ > > Finally we have proved tt' G IIJ^, . By induction 

hypothesis, we have dimZ^/ = dimB„'. Therefore, we get dimZ^ = dimS^. 

Conversely, suppose dimZjr = dimS„. Then, necessarily, the equality holds in 
relation ©, and we have dimZ^r' = dmiBu'- The latter fact implies tt' G 11^, by 
induction hypothesis. Because tt' has no crossing, a crossing of tt, if it exists, is 
of the form < 7r(i) < 7r(ri) < i < n. It follows from the equality condition in 
dH) that i G Ij with j < jo- There is / > 1 with 7r'+^(n) < n{i) < 7r'(n) < i. In 
the case 7r'+^(?i) ^ 0, we get that tt' has a crossing. In the case 7r'+^(ri) — 0, we 
get I'j^ < I'j, though we have \I'jJ < In both cases, this contradicts the fact 
that tt' G n^, . Thus, we obtain that tt has no crossing. Next, we show: Ij < Ii 
^ \Ij\ > \Ii\- In the case jo ^ {j,l}, this follows from the fact that /j ~ Ij, 
I'l — Ii and tt' G 11^,. Note that we have Ijg -ft Ij for all j. Thus, it remains to 
suppose Ij < Ijg and then to show that > \Ija\, that is j < jo- If I'j -ft I'j^, 
then there is i G Ij such that 7r(i) < 7r(n) < i < n. If /j < /j^, then the fact 
that tt' G n^, implies > \I'jJ, hence there are i G Ij and I > 1 such that 
= 7r'+^(j) < •7r'+^(n) < •7r'(i) — min(/j) < 7r'(n). In both cases, using the equality 
condition in ([6]), we infer that j < jo. Finally, we have shown tt G 11^. The proof 
of the proposition is then complete. □ 

3.2. Proof of Proposition[2j The first part of Proposition[5]is provided by Propo- 
sition[3l It remains to show the second part, that is: the mapping tt i— )■ /C^" provides 
a one-to-one correspondence between elements tt G 11^ and components of Bu which 
contain a dense Jordan orbit. 

First, suppose tt G n,\. From section [^.3.1[ we know that Z^^ C /C^". Then, by 
Proposition [3J we have that Z-^ is indeed a dense Jordan orbit of iC^^ . Hence, the 
mapping is well defined. 

Conversely, suppose that the component contains a dense Jordan orbit. Re- 
call that dim/C"^ = dim Bu, hence this orbit has the same dimension as Bu- By 
Proposition |3l it is of the form Ztt with tt G 11^^. As Ztt is dense in K.^^ , we get 
K.'^ = /C^" . Hence, the mapping is surjective. 



SPECIAL COMPONENTS OF SPRINGER FIBERS 



13 



Let 7r,7r' £ and suppose that IC^" = K,^^' . Thus, — Zt^i ^ which implies 
= -Ztt/ since two different orbits cannot have the same closure. Let 7r(j) = 
i G {0, 1, ... ,j — 1}, and let F — (Vb, l^n) G Z-^. Then i is minimal such that 
w(Vj) <zVi+ u{Vj-\). Therefore, Z.^ — Z^r' implies tt = tt'. Hence, the mapping is 
injective. The proof of Proposition [2] is then complete. 

4. Inductive properties 

Let -K — (/i, . . . , Ir) G n„ and let be the corresponding Jordan orbit. Follow- 
ing section [2. 3. 11 the partition tt can be seen as a map tt : {1, . . . , n} — > {0, 1, . . . , n} 
such that for i G /j we set -nil) = if z = min(/j) and 7r(i) to be the predecessor 
of i in /j otherwise. Alternatively, tt is represented by a graph with rt vertices 
labeled by 1, . . . ,ri displayed along a horizontal line, and with an arc between i,j 
if i = Tr{j). 

We suppose in addition tt G nj^. That is: tt has no crossing, and if Ij C 
] min(/fe), max(//j)[ (i.e., /j < 7^) then \Ij\ > Due to Proposition [21 we know 
that the orbit Z-^ is dense in the component iC^^ . In this section, our purpose is to 
establish some inductive singularity criteria for iC^^ . We consider tt' obtained from 
TT either by removing an extremal vertex (1 or n) together with the corresponding 
arc, or by removing a whole connected component (from the point of view of the 
graph representation) . In both cases we show that the singularity of the component 
K,^^' associated to tt' implies the singularity of K,^^ . 

We start by pointing out a symmetry property: if the graph of tt is the mirror 
of the graph of tt, then both components iC^^ , /C"^* are isomorphic. 

4.1. Symmetry. For j — l,...,r, we write Ij = {n — i + 1 : i E Ij}. Then 
l^jl = l^jl fo'' 9-11 J J TT :— {Ii, . . . , Ir) G IIu is another partition of {1, . . . ,n}. 
The graph representation of tt is symmetric to the graph representation of tt (that 
is, it is its mirror reflection). Example: 

7r = {1,5,6} U {2,3,4} U {8,9} U {7} ^ = {4, 5, 9} U {6, 7, 8} U {1, 2} U {3} 

. /\ ^ /\ . /\//v\\ 

As we suppose tt G n,\, it is clear that tt G 11^. Thus, the partition tt defines a 
component /C"'"" C Bu which is the closure of the Jordan orbit Zj^. We show: 

Proposition 4. The components K?^^ and are isomorphic. 

Proof. Let V be the vector space of linear forms (f) : V and \ei u : V V , 

(/) M> (j) o u he the dual map of u. Then u is nilpotent and has the same Jordan 
form as u. Let Bu be the variety of u-stable flags oiV. liWcVisa. subspace, 
we set — {(f) £ V : (j){w) — Vw G W}. Then, W is it-stable if and only if 
W-'- is M-stable, and the map $ : S„ Bu, (Vb, . . . , Ki) ^ (^„"^, ■ ■ • , V'o'") is an 
isomorphism of algebraic varieties. In particular, $(/C"^'') C Bu is an irreducible 
component. 

Let Zu = {5 G GL{V) : gug~^ = u] be the stabilizer of u. We denote by 
Z^ C Bu the Jordan Zj^-orbit associated to tt, and by /C"^* C Bu the irreducible 
component associated to the tableau T^, which is actually the closure of Zjf. It 
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is easy to see that ^{Ztt) ~ Z^. Thus, ^{K,^^} = IC^ so that $ restricts to an 
isomorphism from K?^^ to AC"'* . 

We distinguish between /C^* C Bu, the component associated to the standard 
tableau in Bu, and tC^"^ , the component associated to the same tableau, but 
in Bu- A component only depends up to isomorphism on the standard tableau it 
is associated to, hence these two components are actually isomorphic. We deduce 
that /C"^' and tC^* are isomorphic. □ 

Remark 3. We can see that the tableau T^^ is in fact the image of the tableau Ttt 
by the classical Schiitzenberger involution. 

4.2. Removing an extremal point. There is jo G {li ■ • ■ j''} such that n e Ij^. 
We may assume that Xj^ = |/jo| > for all j > jo. As in section IXTl let A^-^^ — 
Xjg — 1 and let A^- — Xj for j ^ jo, and consider a nilpotent element u' G End(C"^^) 
of Jordan form A(m') = (A'^, . . . , A^). Let /j^ — Ijg \ {n}, and let /j = Ij for j ^ jo, 
then it' := (/(,..., /^) belongs to n„' and it defines a Z,j'-orbit Z^r' C Bu'- At the 
level of the graph representation, the graph of tt' is obtained from the graph of tt 
by removing the last vertex together with the possible upcoming arc, for instance: 

7r = {1,5,6} U {2,3,4} U {8,9} U {7} ^ vr' = {1, 5, 6} U {2, 3, 4} U {8} U {7} 




/v\V\ . /\ ^ 

It is clear that tt' e H^, , hence the orbit Z^r' is dense in the component /C^"' C Bu' ■ 
We have: 

Proposition 5. // the component KF^' is singular, then K?"^ is singular. Suppose 
moreover that n G Ij^ with = max{|/j| : 1 < J < r}, then, tC^^' is singular if 
and only if K,^^ is singular. 

Proof. Notice that it follows from the definition of the tableaux T^, T^/ in section 
12.3.11 that Tjr' is obtained from T-^ simply by deleting the box n. Moreover, under 
the assumption — max{|/j| : 1 < j < r}, n lies in the last column of T.^. 
Then the result follows from [4, Theorem 2.1], which says more generally that, 
if r is a standard tableau and T' is the subtableau obtained by deleting n, then 
the singularity of the component KF implies the singularity of KF , and moreover, 
if n lies in the last column of T , then the singularity of IC^ is equivalent to the 
singularity of KF . □ 

We have just studied the situation where we remove from tt the last number n, the 
situation where we remove the first number 1 is quite similar. Let ji G {1, . . . , r} 
be such that 1 G Ij^ and we may suppose Xj^ ~ > for j > ji. Let 

A^^ = Aji - 1 and X] = Xj for j ^ ji. Fix u" G End(C"-i) nilpotent of Jordan 
form X{u") ^ (A'/, . . . , A^')- Let /^.; = {i - 1 : i g Ij, \ {1}} and = {i - 1 : i G Ij} 
for j ^ ji, then tt" = [I",...,!") belongs to liu" and it defines a Z„/'-orbit 
Ztt" C Bu" ■ At the level of graphs, the graph of tt" is obtained from the graph of 
TT by removing the first vertex and the possible upcoming arc. 



7r = {1,5,6} U {2,3,4} U {8,9} U {7} ^ vr" = {1, 2, 3} U {4, 5} U {7, 8} U {6} 
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Clearly tt" S H^,,, hence Ztt" is dense in the component K.'^^" C B^" ■ Combining 
Propositions m and [SJ we derive: 

Proposition 6. // the component K?"^" is singular, then /C'^" is singular. Suppose 
moreover 1 G /j^ with \ = max{|/j| '■!<]< r}, i/ien, IC^^" is singular if and 
only if K?^^ is singular. 

4.3. Removing a connected component. We consider the situation of a par- 
tition obtained from tt by removing a term in the partition. We suppose tt = 
(/i , . . . , Ir) € n„ with \Ij I = Xj for all j. Fix j e {1, . . . , r} and fix a nilpotent 
endomorphism u G End(C"~'^J) of Jordan form A(u) = (Ai, . . . , Aj+i, . . . , A^). 
Write {1, . . . , n} \ /j = {fci < . . . < /c„-Aj}- For j ^ j, let = {« : fc^ G 7^}. Then 
TT = (/i, . . . , /j+i, . . . ,Ir) is an element of 11^1. At the level of graphs, the 
graph of TT is obtained from the graph of tt by removing a connected component, 
the one which corresponds to the subset Ij. For example: 

7r = {l,5,6}U{2,3,4}u{8,9}U{7} ^ ^ = {1, 2, 3} U {5, 6} U {4} 

to remove 

As we suppose tt e H^, it is clear that tt G Thus, the partition tt defines a 
component Ky^* C Z?m which is the closure of the Jordan orbit Z^. We show: 

Proposition 7. // the component iC^* is singular, then JC^^ is singular. 

Proof. Suppose that iC^^ is smooth and let us show that K.^* is smooth. Recall that 
TT can be seen as a map tt : {1, . . . , n} — J> {0, 1, . . . , n}. We fix a 7r-basis (ei, . . . , e„), 
that is u{ei) — e^(i) for all i, with by convention = 0. Then — {ci : i € Ij) 
(for j = 1, . . . , r) are the Jordan blocks of u. For t £ C*, we consider ht : V ^ V 
defined by {ht)\w- = idwj for .j j and {ht)\w- = i-idw^- Then, H = {ht : t G C*} 
is a subtorus of rank one of the group Z^. Therefore, it acts on Bu and stabilizes its 
irreducible components, in particular it stabilizes IC^^ . As we suppose that IC^^ is 
smooth, we know that the fixed point set {JC'^^)" = {F G /C^" : htF = F Wt & C*} 
is a smooth subvariety (cf., [1]). To prove the proposition, it is then sufficient to 
show that KP"* is isomorphic to a connected component of {KF^)^ . This is what 
we do in the following. 

Let V = ^3 ^-iid write u the restriction of w to F (this accords with the 

previous notation u). Let Bu be the variety of u-stable complete flags of V . We 
construct a map $:&„—> Bu as follows. For « — 0, . . . , n, set = |{1, . . . , i} n 
Write Ij = {ki < ... < k\-}, and for a G {0, . . . , Aj} set Wj^a = (e^.^ , ■ ■ • , e^. ). 
Hence, (Wj,o C T4^j,i C . . . C Wj,x-) is the unique u-stable complete flag of Wj. 
Define $ by 

<^>:Bu^Bu, (Vo, • • • , K-Aj) ^ (1^.-a. ® W^i,a. : i = 0, . . . , n). 
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The map $ is well defined and algebraic, and its image lies in the fixed point 
set {Bu)" for the action of H on Bu- Notice that a flag F = (Fo, . • . , V„) £ (Bu)" 
satisfies Vi — {VinV) (B (ViOWj) for all i. Then, the image of $ can be characterized 
as follows: 

= {F={Vo,...,Vn) G :dim^,nW^j = a, Vi-0,...,n} 

= {F e : dim Vi n Wj < a, and diraVi nV < i - Ui = 0, . . . , n} 

= {F e : dim Vi D W, > and dim K: n > « - a, Vi = 0, . . . , n}. 

Hence is open and closed in {Bu)^ , and the map $ is an open and closed 

immersion. 

The intersection ^{Bu) fl /C"^" is also open and closed in (KF^)^ , hence it is a 
union Ci U . . . U Cm of connected components of {IC^^)^ . It is easy to see that, by 
construction, we have the inclusion $(Zff) C Zt^, which implies $(/C-^*) C (/C^")^. 
As $(/C"^*) is irreducible, we have $(/C-'*) C C; for some / G {!,..., to}. Since 
$(/C^*) has the same dimension as ^{Bu) and since C; is irreducible (because 
(KF^)^ is smooth), we actually have ^{iC^*) = Ci. Therefore, $ restricts to an 
isomorphism between the component IC^* and a connected component of (/C^")^. 
The proof of the proposition is then complete. □ 

4.4. At the level of Bala-Carter components. In the previous subsections, we 
have provided inductive criteria for the singularity of an irreducible component of 
the form /C"^" C Bu with tt G 11^, that is, more general than a component of Bala- 
Carter type. In this subsection, we translate the previous criteria for a Bala-Carter 
component. 

We consider an element tt G A^, that is, a sequence n = (tti, . . . , tt^) such 
that the numbers tti , . . . , tt^ coincide up to ordering with the Jordan block sizes 
Xi, . . . ,Xr- This sequence defines the Bala-Carter component /C^*-^. According to 
subsection 12.3.11 tt can be seen as an element of the set II" , that we also denote by 
TT, and the component /Cj^'~" then coincides with the component /C^" . Through this 
identification, we derive the following corollaries from Propositions HHZl 

Nota: a sequence of nonnegative integers defines a Bala-Carter component in 
the appropriate Springer fiber. In the following statements, we do not precise the 
underlying Springer fibers in which the components are imbedded. 

Corollary 3. Let tt = (tt^, tTt-i, ■ ■ ■ , tti). Then the Bala-Carter components IC^'~^ 
and /Cf^ are isomorphic. 

Corollary 4. Let tt' = (tti, . . . , Tr^-i, tt^ — 1). // the component IC^P is singular, 
then /Cj^*~" is singular. Suppose moreover tt^ = max{7rj : j = 1, . . . , r}, then IC^P is 
singular if and only if JC^'~^ is singular. 

Let tt" = (tti — 1, TT2, . . . , TT,.). Likcwisc, if IC^P is singular, then IC^'~^ is singular. 
Moreover, if tti — max{7rj : j = 1, . . . ,r} , then is singular if and only if JC^'^ 

is singular. 

Corollary 5. Let j G {1, . . . ,r} and tt = (tti, . . . , 7rj_i, 7rj-|_i, . . . , tt^). // the com- 
ponent /C?^ is singular, then K.^^ is singular. 

5. Singular Bala-Carter components 

Let TT G A„, that is, a sequence tt = (tti, . . . , tt^) which coincides up to ordering 
with the sequence X{u) = (Ai > . . . > A^) of the Jordan block sizes of u. We 
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associate to tt the Bala-Carter component /Cj^ C Bu- The purpose of this section 
is to show the imphcation (<^) of Theorem [l] namely: 

Proposition 8. If n > (1, 2, 2, 1) or tt > (2, 3, 2), then K,^'^ is singular. 

First, we construct two families of singular Bala-Carter components. Then, we 
derive the proposition by using the results in the previous section. 

5.1. Singular components of the form K,^'-' with tt — {l,p,q, 1). In [ITj, J. A. 

Vargas gives an example of a singular component, which is /C^^ for tt = (1, 2, 2, 1). 
Here, we provide a family of singular components which generalizes this example: 

Lemma 4. Let p > 2, q > 2, and tt = {l,p,q,l). Then the component /C^^ is 
singular. 

Proof. Due to Corollary [3l we may assume p > q. Moreover we may assume p > 2, 
otherwise tt = (1, 2, 2, 1) and we already know that the component K,^'-' is singular 
by Vargas's result. The component lies in Bu where u € End(CP+''+^) has Jordan 
form X{u) = {p, q, 1, 1). Due to formula ([T]), we have dim/Cj^*-" = dimBu — q + 5. 

We fix a Jordan basis (ei, . . . , ep+g+2) such that u acts on the basis according 
to the following picture 

<- ei ^ 63 • • • <- Cp ^ Sp+q+l 

62 <~ 6p+3 • • • Bp+q -It- ep+q+2 

^ Cp+l 

<- ep+2 

Note that, if g = 2, then the sequence (6p+3, . . . , ep+g) disappears from the second 
line, and the picture becomes 

4- ei 4- 63 4- • • • ^ Cp ^ ep+3 

^ 62 -S- 6p+4 

^ Cp+i 
ep+2 

We consider the flag Fg = ((ei, . . . , ei))i=o,...,p+(j+2 adapted to the basis, and the 
purpose is to show that Fq is a singular point of the component /C^^. To do this, 
we first check that Fq lies in /C^^ and then we construct q + 6 linearly independent 
vectors of the tangent space of /C^^ at the point Fq . 

Consider B = {g G GL{V) : gci S (e,, . . . , ep+5+2)} the subgroup of lower trian- 
gular matrices in the basis. Then the orbit = BFq is an afflne open neighborhood 
of Fq in the variety of complete flags of Cp+'+^ . Consider U C B the subgroup of 
unipotent matrices and n = {g — I : g € U} its Lie algebra. The map cp : n ^ fl, 
X t-^ {I + x)Fq is an isomorphism of afflne varieties and we consider the subvariety 
n /C^'^) C n. For 1 < fc < ^ < p + 9 + 2, let E^k e n be the canonical 
basic element Ei^k{ek) = ei and Ei^k{ei) = for i ^ k. The elements for 
l<k<l<p + q + 2, form a basis of n. 

For t~ {ti, . . . ,tj) E C"^, we consider the element Xt S n deflned as follows: 

xt(ei) = ti{e2 + i2(ep+i -I- t3ep+2)), 

a;t(62) = t2(6p+i -I- t36p+2), xt_{e^) = for i = 3, . . . ,p - 1, 
a;i(6p) = t2t4{ep+i + t3ep+2), 

^/ ^ ( t3{ep+2 + t5{ep+2 + te{ep+q+i - tiCp+s))) if <? > 2, 
- \ i3(ep+2 + i5(ep-i-2 +i6(ep-i-3 - i46p+4))) if g = 2, 
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/ s / te{ep+g+i - ^46^+3) if g > 2, 

Xt_{ei) — Q ior i — p + . . . ,p + q, 
xt_{ep+q+i) = tjep+q+2 and xt_{ep+q+2) = 0. 

The map €7 n, t ^ xt is well defined and algebraic. Let be the standard 
tableau associated to tt in the sense of section [2.1.41 then the component A^^^ is the 
closure of the subset S^" for the Zariski topology. A straightforward computation 
shows that G Lp~^{^r\B'^'') whenever t^t^t^ti ^ (if g > 2) or tst^tQ{ti+tj) ^ 
(if q = 2). Hence ip{xt) e H /C?^ for all t G C^. In particular, Fq = ip{0) e /C^^. 

For i e {1, . . . , 7}, let t**) = (ti, . . . , ^7) with U = i and tj = for j ^ i. Then 
the curve : t G C} lies in (/3^^(r2 n IC^'~^) and its tangent vector at t = is an 

element of Toip^^{fl n /C^'^), the tangent space of ip^'^{fl n /Cj^^) at 0. Making i 
run over {1, . . . , 7}, we get: 

£-2,1, Epj^2,p+1, -E'p+q+l,p+2, £'p+(}+2,p+q+l GTo^-i(r!n/c^^). 

The curves {a;t : < = (0, t, 0, 1, 0, 0, 0), t G C}, {xt : i = (0, 0, 0, 1, 0, 0), t £ C} 
and {xt : t = (0,0,1,0,-1,^,0), t G C} also lie in ip~'^{Q,r]IC^^) and pass through 
for t = 0. Considering their tangent vectors at i = 0, we derive 

i?/,p+2, -E'p+g+i,p+i G To ^{Q n IC^'~^) 

(with ^ = p + 3 for (7 > 2 and ^ = p + 4 for gr = 2). Altogether, we get 8 linearly 
independent tangent vectors. 
If g = 2, then we obtain 

dimT^o /C^'^ = dim To ip~\nr\ IC^'^) > 8 > 7 = dini/C]^^ 

and we are done. If g > 2, then we construct some additional elements in the 
tangent space. 

Fix k G {3, . . . , q}. For t G C, there is a unique element gt G such that 



5t(ep+g+i) 



Gp+g+l + tCp+k+l if fc < (J, 
Gp+g+l + tep+q+2 if fc = g, 

9t{ei) = e,; for i e {p + l,p + 2,p + q + 2}. 



As Fq G JC^'^, we get 34 Fq G K.^'^ for all t G C. In fact we see that gtFo = ip{yt) 
with j/t G n defined by 

Ut — t{Sk=pE2^1 + {Epj^k^p + ... + Fp+3^p_fc+3) + (5fe=g£'p+g+2,p+g+l), 

where 5i=j = 1 for i = j and 5i=j = otherwise. We infer that 

Fp+fc^p + ... + Fp+3,p-fc+3 £To>f-\nr\K^^) Vfc G {3,...,<z}. 

These tangent vectors are linearly independent of the previous ones we constructed. 
Altogether we have (7 + 6 tangent vectors. It results: 

dimTF^lC^^ = dimToLp-^{nC\lC^^) >q + &>q + b = dim/Cj^^. 

Therefore, Fq is a singular point of the component IC^^ . □ 
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5.2. Singular components of the form /C^^ with tt — (2,p, 2). In [4, §2.3], 
another example of a singular Bala-Carter component is given, and this is /C^*~" for 
TT ~ (2,3,2). More generally, we show: 

Lemma 5. Let p > 3 and tt — (2,p, 2). Then, the component /C^^ is singular. 

Proof. The arguments are of the same type as in the proof of Lemma |4l We 
may suppose that p > 3, since otherwise tt = (2,3,2) and the singularity of JC^'^ 
follows from [H §2.3]. The considered component IC^'^ lies in Bu for u e End(CP+'*) 
nilpotent of Jordan form A(u) = {p, 2, 2). Due to formula ([1]), dim/Cj^*-" = dimZ?„ = 
6. 

We fix a Jordan basis (ei, . . . , ep+4), on which u acts as follows: 

^ ei -s- 64 65 • • • <- Cp+i ^ ep+4 

^ 62 -s- ep+2 

^ 63 -s- ep+3 

We consider the adapted flag Fq — ((ei, . . . , ei))i=o,...,p+4- Our purpose is to show 
that Fq is a singular point of the component /Cj^'~". To do this, as in the proof of 
Lemma 21 we show that Fq lies in /Cj^*~" , and we construct more than 6 linearly 
independent vectors of the tangent space Tp,, IC^'~^ . 

As in the proof of Lemma [U we consider the group B ^ {g £ GL{V) : gci € 
(e^, . . . , 6^4.4) Vi} and the orbit f2 = BFq, which is an open affine neighborhood of 
Fq in the variety of complete flags of C^^'*. We consider the subgroup U C B of 
unipotent matrices, and its Lie algebra n = — / : 5 G U}. The map (/? : n — > fJ, 
X !—> {I + x)Fo is an isomorphism of algebraic varieties. For 1 < A: < Z < p + 4, let 
Ei^k{ek) = 6/ and Ei,k{ei) = for i 7^ /c, then the elements Ei,k (for all 1 < /c < Z < 
p + 4) form the canonical basis of n. 

For t = (ti, . . . , tg) G C'', we consider G n defined as follows: 

xt{.ei) = ti(e2 + <2e3), 

Xt{e2) = <2e3 + ^3(63 + ^4*5(64 + ti{ep+2 + t2ep+z))), 

Xt_{e^) = tit^ici + ti{ep+2 + hep+3)), 

xt_{ei) = for i = 4, . . . ,p, 

a;t(ep+i) = t4(ep+2 + i2ep+3), 

a;t(ep+2) — t2ep+3 + t(i{ep+3 — tit5ep+4), 

^li^p+s) = —tlt5Sp+4, 

xt_{ep+A) = 0. 

The map — > n, f a;^ is well defined and algebraic. The component /C^*"' is 
the closure of the subset B'^^ , where T^- is the standard tableau associated to the 
sequence tt (see section [2. 1.4p . It is straightforward to see that S if~^{Vl n Bj") 
whenever tit^t^t^tQ ^ 0. Hence Xt_ e ip~^{^ n /C^*") for aU t G C^. In particular, 
Fq = ^(0) e /C^c. 

For i e {1, . . . , 6} and t e C, let = (ti, . . . , tg) with t, = t and t^ = for 
j ^ i. The curves {x^ci) : t G C} (for i = 1, . . . , 6) lie in n K^'^), and their 

tangent vectors at i = provide elements 

£^2,1, £'3,2, £'p+2,p+i, £'p+3_p+2 G To </7~"^(fi n /Cj^*"). 

The curves {a;* : i = (t, -1, 1, 0, 0, 1), t e C}, {a;* = (0, -1, 1, t, 0, 1), t G C} and 
{xt : t = (f, 0, 0, 0, 1, 0), t e C} also pass through at i = 0. Considering their 
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tangent vectors at i = 0, we get: 

Altogether, we obtain that 7 hnearly independent elements lie in the tangent space 
Taif-^nnlC^^). It results: 

dimTFo/C^^ = dimToip-^nnJC^'^) > 7 > 6 = dim/C|^^. 

Therefore, Fq is a singular point of /Cj^*~". □ 

5.3. Proof of Proposition [8l Consider a sequence tt = (tti, . . . ,7r,.) G such 
that 

7r>(l,2,2,l) or 7r> (2,3,2). 

First, assume tt > (1, 2, 2, 1), that is, there are 1 < ii < Z2 < is < ?4 < r such 
that 7rii,7ri4 > 1, TTi^yT^is > 2. Set tt = (tt^^ , tt^^ , Tr^g , TTi^ ) and tt' = (I,7rj2,7rj3, 1). 
Using Lemma HI we get that the Bala-Carter component ICfP associated to tt' 
is singular. Using Corollary SI we infer that /C?^ is singular. Finally, applying 
Corollary [5l it follows that the component /C^^ is singular. 

Next, assume tt > (2,3,2). Hence, there are I < ii < i2 < h ^ f such 
that TTi-^jiTi^ > 2, TTi^ > 3. Similarly as above, we set tt = (tt^j , tt^^ , Tr^g ) and 
tt' = (2,Tri2,2). By Lemma [5l the component ICfp associated to tt' is singular. 
Corollary 2] then implies that /C?^ is singular. Finally, using Corollary [Sj we infer 
that the component IC^'~^ is singular. 

In each case, we obtain that the component /C^'^ is singular. The proof of 
Proposition [8] is then complete. 

6. Smooth Bala-Carter components 

As in the previous section, we consider a sequence tt = (tti, . . . , tt^) G A„, and its 
corresponding Bala-Carter component K.^'^ C Bu- Our purpose is now to establish 
the implication (=4>) of Theorem (T] namely: 

Proposition 9. If K.^'~^ is singular, then tt > (1,2,2, 1) or tt > (2,3,2). 

We prove the contraposal: suppose tt ^ (1,2,2, 1) and tt ^ (2,3,2), and let us 
show that /C^^ is smooth. Of course, if tt is of the form tt = (tti) (one term in the 
sequence), we know that the component is smooth (it is a point). More generally, 
if TT is of the form tt = (1, . . . , l,p, 1, . . . , 1) (the component is of hook type) or 
= (P; q) (the component is of two- row type), then we know that it is smooth (cf. 
[7], [E]). Taking also into account Corollary [3l the situations which remain to be 
analyzed are the following two ones: 

a) TT = (p,l,..., 1,2,1,..., l,g), and b) tt = (1, . . . , l,p, 1, . . . , 1, g). 

In both situations, p,q > 2 are arbitrary, the number of I's is arbitrary (can be 
zero). Consider situation a), and let us show that the component is smooth in 
this case. First suppose p = q = 2: applying [51 Theorem 1.2], we obtain that the 
component K.^'^ is smooth in this case. Next, applying Corollary SI we derive that 
fC^^ is smooth for p,q>2 arbitrary. 

It remains to show that /C^^ is smooth, whenever tt accords with situation b). 
Again, applying Corollary |4l we see that it is sufBcient to treat the case where 
p = q. Applying Corollary [5l we see that we may suppose in addition that the 
number of I's on the left of p coincides with the number of I's on the right and 
that this number is nonzero. Therefore, it remains to show the following 
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Proposition 10. Let p > 2 be arbitrary, let m > 1. Set 

m terms m terms 

Then, the Bala-Carter component JC^^ is smooth. 

The remainder of this section is devoted to the proof of Proposition [101 

6.1. Setting. In ^ §4.3-4.5], it is proved that the component /Cj^^ is smooth, for 
TT — {l,p,p). The proof of PropositionfTUlwe give here will follow the same pattern. 

In the remainder of the section, we consider V — (C?p+'^''^ and u G End(y) 
nilpotent, of Jordan form A(u) = 1, . . . , 1) (with p > 2, m > 1). Let 

TT = (1, . . . , l,p, 1, . . . , l,p) be as in the statement of Proposition [TOl and let 
/C^^ C Bu be the corresponding Bala-Carter component. In general, the irre- 
ducible components of Bu are parameterized by standard tableaux and we denote 
by /C^ the component associated to the tableau T (cf. section [2.1.2p . In particular, 
the component IC^'~^ coincides with /C^" , where is the following standard tableau 

1 m+2 ■ ■ ■ ?n+p 

: 2m+p+2 ■ ■ ■ 2m+2p 

rp _ "1+1 

m+p+1 
2m+p+l 

(cf. section [2. 1.4p . The component admits B'^" as a dense open subset (cf. section 
mOl). Due to formula (P, 

, ,^Rr , ^ (2m + 2)(2m + l) 

dim/C^^ = dimi3„ -^^ — ^ +p-l = 2m^ + 3m + p. 

6.2. Special flags Fj_. In this subsection, the purpose is to produce a set of special 
elements Fd G Bu with the property that it will be sufficient to check the smoothness 
of the component /C^^ at these particular points. 

We fix a basis (ei, . . . , e2p+2m) of V , on which u acts as follows: 

ei, . . . ,e2„i+2 € keru, 

w(e2m+3) = ei, u{e2m+A) = 62 and u{e2m+i) = e2m+i-2 Vz e {5, . . . , 2p]. 
We can also describe the action of u on the basis with the following tableau tq: 

1 2m+3 ■ ■ ■ 2m+2p-l 

2 2m+A ■ ■ ■ 2m+2p 

2m+2 

We have u(ei) = if i lies in the first column of tq, and u{ei) = e^, where j is the 
number on the left of i in tq, otherwise. 

We consider tableaux which are obtained by permuting the entries of tq. For a 
permutation a € S2p+2m, we denote by (T(ro) the tableau obtained from tq after 
replacing each entry i by at. The tableau o'(ro) is said to be row- increasing if 
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its entries increase from left to right along the rows. Let S„ = {cr G S2p+2m : 
(T~^(ro) is row-increasing}. 

For a G S2p+2m we consider the flag = {{e^n ■ ■ ■ , e.ai))i=o,...,n- It is easy to 
see that F„ e Bu if and only if cr e S^. We have (cf. [S] Lemma 1.3]): 

Lemma 6. An irreducible component JC'^ C is smooth if and only if every flag 
of the form F„ ( with a G S„ j lying in K?^ is a smooth point. 

According to this lemma, to determine if a component is smooth, it is sufficient 
to study the smoothness of the special points of the form F^- In the case of the 
component /C^^ which we are concerned with, the set of special points to consider 
can be reduced. 

Let D denote the set of uples d = [di < . . . < dm+i) with di G {m+2, . . . , m+p+ 
i} for all i, and such that \{p+m, . . . ,p+2TO + l}n{di, . . . , > m. For d^D, 

we define a flag Fd G S„ as follows. Write {m -I- 2, ... , 2p + 2m} \ {di, . . . , d„i+i} = 
{j3, . . . , i2p} with i3 < . . . < i2p. Let Td be the following tableau; 

1 «3 ■ ■ ■ i2p-l 

14 ■ ■ ■ i2p 

m+1 
- di 

dm + l 

The tableau Td is row-increasing, hence it can be written Td = '^d^i'^o) with ad G S,j. 
We define Fd = F^^ . Then, we have: 

Lemma 7. The component IC^'^ is smooth if and only if every flag Fd ( with d^D) 
such that Fd G IC^'~^ is a smooth point of /C^*^ . 

Proof. The implication is immediate. To prove the second implication, we rely 
on Lemma El Recall that — {g G GL{V) : gug^^ = u} is the stabilizer of u. 
Note that, if F,F' G /Cj'-^ are such that F' G ZuF is a smooth point of JC^'^, then 
F is also a smooth point of IC^'~^. Then, to complete our proof, it is sufficient to 
show that the closure of the Z-^-orbit of every flag of the form F^r (with a G S„) 
lying in JC^'^ contains a flag of the form Fd (with dED). 

Let gt G GL{V) [t G C) be deflned by 54(62) — e2 + tei, gt{ei) — Si + te^-i for 
i G {2to + 4, . . . , 2m + 2p} even, and gt{ei) — e/ otherwise. We have gt G Zu. Notice 
that limt-yoo gtF^ = Fa' where cr' G Su is such that 

= min{crri, cr,^\}, ^/-i ^ niax{ cr" \ cr,-\} 

for all i G {1, 2m + 3, . . . , 2m + 2p — 1} odd, and 

a'-^ ^ ar^ for i G {3, . . . , 2m 2}. 

Let G G'L(F) {t G C) be deflned by 5^(62^+3) = e2,„+3+^e2, 5t(ej) = Ci+tei-i 
for i G {2m -I- 5, ... , 2m -I- 2p — 1} odd, and g[{ei) — e; otherwise. Likewise, g[ G Z^ 
and limt_i.oo .9t^cr = -fcr' for <j' G S„ such that 

^'2 ^ = min{cr2" ^ , a^^^^ } , CTs^Vs = max{cr^ ^ , cr^J^+g } , 

a'r 1 = min{CTr 1 , 0-^+^ } , max{cri" ^ , cr^+^i } 
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for all i e {2m + 4, . . . , 2rn + 2p — 2} even, and 

a'r^ = crri i g {1, 3, . . . , 2m + 2, 2m + 2p}. 

For 1 < i < j < 2m + 2 such that ^{1,2), let h'i^'^^ ^ ht e GL{V) {t e C) 
be defined by ht{ej) — Cj + tci and ht{ei) = e; for I ^ j. Then ht G and 
linit_>.oo hfFa^ — F„i with a' G Su such that 

cr-^^ = min{crj^\ cr^^^}, cr^^ ^ = niax{(T,^^, ct^^^}, and cT;'^^ = CT;^^ for Z ^ {i, j}. 

We assume F^. G /C^^- Combining the operations (limt^oo .gt)i (linit^ooffO and 
(limt^oo 'it*'"'''), we transform F„ into a flag F^i with cr' such that 

a'^^ < a'r^ < a'r^^ for ah i G {2m + 3, . . . , 2m + 2p - 1}, 

CTi < 0-2 < • • • < Cr2m+2- 

In particular, F^.' £ Z^Fa. As we suppose F^r € A^?^, we get F^r' G /C^^- Let us 
show that cr' = (Td for some d€D, which will complete the proof. 

Denote = a'~^ for ? G {1, . . . , m + 1}, di = a'~^ for i G {m + 2, . . . , 2m + 2}, 
and ij — '^'■im+j J G {3, ■ • ■ , 2p}. The tableau cr'~^(ro) is as follows: 

Cl 13 ■ ■ ■ i2p-l 

■ U ■ ■ ■ i2p 



Moreover, we have ci < . . . < c„i+i < di < . . . < dm+\ and C2 < «3 < . . . < i2p- 

Following section [2.3.11 the sequence vr ~ (tti, . . . ,7rr) induces a standard par- 
tition of {1, . . . which we also denote by tt, and the component K^'^ is the 
closure of the standard orbit Z.^. By definition of the orbit Zjr, any fiag F = 
(Vb, . . . , V2m+2p) G Zt, satisfies 

V;„+i C ker u, 

dim Vrn+p+i n ker u>m + l + 'j ViG{l,...,m + l}, 

and V2rn+p+l C M^^Ki+p-l)- 

By lower semi-continuity of the map F rankuiy^/y. , these three properties are 
satisfied more generally for all F G IC^'" ■ In particular, F^i — {Vq , . . . , V2,n+2p) 
satisfies them. As V^'^^i C kerw, using the definition of the fiag F^' , we get 

{ci, . . . , c„j+i} n {1, . . . , m + 1}| = dimV,[^_^_i Cl keru = m + 1, 

hence Ci = i for all i. Similarly, for all i G {1, . . . , m + 1} we get 

m + 1 + \{di, . . . , d,n+i} Cl {I, . . . ,m + p + i}\ = dimV,'^_^_p^i n keru > m + 1 + i, 

hence di < m + p + i. Moreover, as V2„^^p^i C w~^(l^i+p_i), any Jordan block 
of the induced map u^y^ ^ +i/v' ^ i ~ ^ ^^^^ which implies that the entries 
m + p, . . . , 2m + p + 1 lie in different rows of the tableau <t'~^{tq). In particular, 
at most 2 among these m -I- 2 numbers can lie in the first two rows of the tableau, 
therefore \{di, . . . , d„i+i} H {m + p, . . . , 2m + p -I- 1}| > m. It follows d G D, and 
finally a' ~ (Td- The proof of the lemma is now complete. □ 
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6.3. Proof of Proposition [TOl According to Leinnia[7l to show that the compo- 
nent K.^'-^ is smooth, it is sufficient to check the smoothness at the points of the 
form Fd- Thus, Proposition 1101 follows from the next proposition. 

Proposition 11. For all dE D, we have Fd G /C^^, and moreover Fd is a smooth 
point of K.^^. 

Our purpose is then to establish Proposition[TTJ To do this, we employ the same 
technique as in the proof of [4, Proposition 4.3] . Let us outline our proof. For dGD, 
recall that Fd — ((ecr^(i), . . . , e(j^(i)))i=o,...,2m+2p , where the basis (ei, . . . 
and the permutation ad G ^2p+2m have been introduced in section [6?2] We consider 
the Borel subgroup 

B = {g e GL{V) : ge„^(^) G (e^^(,), . . . , e<^^(2p+2m)) Vi} 

and the orbit Vtd — BFd- The orbit VLd is an open subset of the variety of complete 
flags of V, and it is isomorphic to an affine space: for F = (Vb, . . . , V2p+2m) G fid, 
there is a unique basis (ryi, . . . , 772p+2m) such that Vi — (r/i, . . . ,rii) and 

2m+2p 

j=i+i 

for some (pij £ C. The maps F M- 4>ij are algebraic and the product map F 
i4'i.j)i<i<j<2p+2m IS an isomorphism from fid to the affine space c(p+™)(2p+2ni-i)^ 
Then, we construct a closed immersion ^d '■ C^'"^+^'"+^ — > fid with the following 
two properties: 

(A) For t={ti,t2,...)e c2"'+3'»+P with ti ^ for all i, one has £ B^' . 

(B) $d(0,...,0) = ^rf. 

By (A), we get that ^d is an isomorphism on a locally closed subset of the com- 
ponent /C^^ . Since dim /C^^ ~ 2vn? + 3to + p (see section 16. ip , the image of i>d is 
actually an open subset of IC^^ . By (B), we get that the flag Fd lies in the image 
of hence it lies in /C^*-' and is a smooth point. 

To lead our construction, we need the preliminary construction summed up in 
the following lemma, which we quote from 4, §4.4]. 

Lemma 8. For t = (<3, . . . , tp+i) G C^^"'^, there are vectors wi, . . . , ?;2p depending 
algebraically on t, with the following properties: 

(a) vi = ei, V2 = e2, Vi ~ e2m+i G {e2,n+i+i, ■ • ■ ,e2p+2m) for all i G {3, . . . , 2p}. 

(b) (ui, . . . , Vi) is u-stable for all i G {1, . . . , 2p}. 

(c) For i G {3, . . . ,p + 1}, u{vi) — Vi-2 + tiVi-i. In particular Vi G kerM*^"'^, and if 
tj ^ for all j , then Vi ^ kerii*^^. 

(d) Noting t'l = t'2 = and t'j = tj_2 + tj for j G {3, . . . ,p + 1}, then 

Vi — e2m+i — t'i^2m+i+l G (e2m+i+2: ■ • ■ : e2p+2r?i) Vi G {3, . . . ,p -)- 1}, 
Vi - e2m+i ~ t2p~i+2^2m+i+l G (e2m+i+2, • • • , e2p+2m) Vi G {p + 2, . . . , 2p - 1}. 

(e) lft={0,--- ,0), then Vi = e2m+i for all i e {3, . . . , 2p}. 
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Proof. We consider the subspace generated by the basis vectors ei, 62, e2m+3, • • ■ , 
e2m+2p- The action of u on these vectors is represented by the following picture: 

^ ei ^ e2m+3 ^ • ■ • ^ 62 m+2p— 1 
62 ^ e2m+4 ^ • ■ • ^ e2m+2p • 

In particular, note that u restricts to an isomorphism from the subspace Ei := 
(e2m+3, • ■ • , e2m+2p) onto E2 ■■= (ei,e2,e2m+3, ■ • ■ , e2m+2p-2)- Let u : E2 El 
be its inverse, that is u{ei) = e2m+i+2 for i G {1,2} and u{ei) = 6^+2 for i G 
{3, . . . , 2p~2}. We then put vi = ei, V2 = 62, and by induction Vi — u(vi^2+ti'Vi-i) 
for aU i e{3,... ,p+ 1}. 

For i G {p + 1, . . . , 2p}, we define vectors (wj''')i<j<i in the following manner. 
First, we set 'v'f^^'^ = ^ji W ^ {1, • ■ • ,P + !}• Then for i > p + 2, we set v[^^ = ei, 
tij*'' = 62, and by induction: wj*'' — u{v'^^_2 ^) if j > 3. For i G {p + 2, . . . , 2p}, we 

put Vt = vy . 

The fact that the vectors Vi, for z = 1 , . . . , 2p, are well defined and satisfy 
properties (a)-(e) of the lemma then follows from 4, Lemmas 4.3-4.4]. □ 

We are ready to prove Proposition [TTl 
Proof of Proposition 

The constructions will rely on the Jordan basis (ei, . . . , e2p+2m) introduced in 
section [Ol We also consider the subspaces E = (ei, 62), F = (e^, . . . , Cm+i) and 
G = {em+2, ■ ■ ■ , e2m+2)- Let np C End(_F) be the subspace of strictly lower triangu- 
lar maps, i.e., X G End(_F) such that Xci G (e^+i, . . . , 6^+1) for all i = 3, . . . , m + 1. 
Let xiG C End(G') be the subspace of strictly lower triangular maps. Let C{E,F), 
C{F, G) be the spaces of linear maps from E to F and F to G respectively. 

Let d = {di, . . . ,d„i+i) G D and let Fd_ be the corresponding flag. The pur- 
pose of the construction is to associate to a uple of variables t G c2m^+3m+p 
a certain basis (f^i, • . • , ?72p+2m) of V satisfying relation ([7]), such that the map 
^d-t*~^ ((771, . . . , ?7i))i=o,...,2m-i-2p will fulfill the properties (A) and (B) above. We 
distinguish two situations: 

1) di > p + m, 

2) di < p + m. 

We describe the uple of variables in each case. In case (1), the uple of variables t 
is taken of the form 

t = {X,Y,H,K, 51,^3, . . . ,tp+i,yi,y[, . . . ,ym+i,y'^+i), 

where X e np, Y e no, H £ jC{E,F), K G C{F,G) and si,ti,yj,y'^ G C. In case 
(2), the uple t is taken of the form 

t = (X, Y, H, K, Sl,t3, . . . ,tdi-m+l,idi-m+3, ■ • • , ip+2 , ?/l , 2/i , • • • , 2/m+l , J/m+l): 

where X, Y, H, K are as above, si,ti, yj,yj G C. In fact, in all cases: 
tenpxnGX £{E, F) x C{F, G) x cp+2("+i) , 

and it is straightforward to check that the space x tig x C{E,F) x C{F,G) x 
j-<p-i-2(m+i) j^g^g dimension 2to^ -|- 3m + p, that is, the same dimension as the com- 
ponent K.^'^ . 
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In case (2), we set in addition tdi-m+2 = ^Viu'i- In both cases, we consider the 
vectors wi, . . . , V2p associated to the uple (is, ... , tp+i) in the sense of Lemma [H 
We put fi ^ e, + Xe., + Ka for i G {3, . . . , m + 1} and fd^ = em+i+j + Ye^+i+j 
for j e {1, . . . ,m + 1}. We also put /i = ei + sie2 + {I + X + K)Hei and 
/2 = 62 + (/ + X + K)He2, where / is the identity endomorphism oi V. In both 
cases, put 

Vi — fi for all i G {3, . . . , m + 1}. 

We will define in each case the remaining vectors ryi, 772, '7m+2, • ■ • , V2p+2m- It will 
follow from the definition that r]i — ecr^{i) G ■ ■ ■ , e„^^2p+2m)) for all i, and 

the so-obtained map $d : C^™^+^'"+^' fid, t ^ {{rji, . . . ?7i))i=o,...,2p+2m will be 
algebraic. In addition, we will verify the following four properties: 

a) $^(02™' +3™+?) c Bu] 

b) the map ^d is a closed immersion; 

c) ^d{t) G whenever all numbers ti,yj,y'j are nonzero; 

d) $<i(0,...,0) =Fd. 

As a conclusion, <I)^(C2™^+3™+p) ^ £2m^+Zm+p jg ^p^j-^ neighborhood of the flag 
Fd in the component /Cj^, therefore is a smooth point of /Cj^^: the proof will 
be complete. 

(1) We suppose di > p + m. 

By definition of the set D, the uple d satisfies di < d2 < ■ ■ ■ < dm+i < 2m+p+l. 
Hence, there is a unique k G {0, . . . m + 1} such that p + m + k ^ {di, . . . , dm+i}. 
Consequently the indices c?i, . . . and the indices is,. ■ ■ ,i2p involved in the 

definition of ad are given by: 

dj = p + m + j — 1 \f j G {1, . . . , fc} and dj = p + m + j Vj' G {fc + 1, . . . , m + 1}, 

ii = m—l+l \fl E {'S, . . . ,p}, ip+i=p+m+k, and i; = 2to+Z VZ G {p+2, . . . , 2p}. 
The indices are organized as follows: 

is < ■ ■ ■ < ip < di < . . . < dk < ip+i < dk+i < . . . < d,n+i < ip+2 < ■ ■ ■ < i2p- 

For / G {1, . . . ,p}, j G {1, . . . , m + 1}, we define a number xij by setting Xpj — yj 
and by induction xij = -~ti+2Xi+i.j for Z = 2, . . . ,p — 1, and xi,j = —{ts — s\)x2,j. 
We put 

m+1 m+1 
m = A + E ^1,3 fdj, V2 = f2+ E ^2.jfdj, 

m+1 

'7i, = + E xi,jfdj VZ G {3, . . . 
?yd, = fdj + y'jVp+i Vj G {1, . . . , k}, 

m+1 

?7ip+i = Wp+1 + E 27j/rfj' 

Vdj = fdj Vj G {fc + 1, . . . ,7n + 1}, and ri^ = vi V/ G {p + 2, . . . , 2p}. 
Let us show properties a) - d). 
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a) Note that for i G {1, . . . ,m + l,dk+i, ■ ■ ■ ,dm+i}, we have rji G keru, which 
impUes u{r/i) S (771, ... , rji). Usmg Lemnia|8](c) and the definition of xij, we have: 

m+1 m + 1 

U{V3) = Vi + t3V2 ^ (ei + 8162 + J2 Xljfdj) + {t3-Si){e2+ J2 ^2.]fd,), 

hence u{rii.^) — ^(ws) £ {r/i, . . . , ?7m+i)- Similarly, for / e {4, . . . ,p + 1}: 

m+1 m+1 
u{vi) = Vi^2 +tm-l = {vi-2 + J2 Xl-2,jfdj) +ti{vi-l + 5i Xl-l.jfd,)-, 

J = l J = l 

hence w(?7i,) = u(wO £ (771, . . . , Ty^,} for / g {4, and u{r]i) G CM(-yp+i) C 

(771, . . . , 77i) for i G {di, . . . jp+i}. Notice that wi, . . . ,Vp+i G (771, . . . ,?72m+p+i). 
Then, for/ G {p+2, 2p}, we get 7/(77,,,) ^ vi^2+tivi-i G (771, . . . , 77^,). Therefore, 
we have u{rii) G (771, . . . , ry^) for all i. It follows G 

b) We show that $d is a closed immersion, and to do this, we show that the algebra 
morphism $2 ■ '^[4'i.j : 1 < * < j < 2p+2m] — >■ C[X, F, iJ, K, Si,ti, Vj.y'j] associated 
to $d is surjective. The functions (pij are those involved in the expression of the 
basis 7/1, ... , r]2p+2m according to formula d?]). Then, we see that the coefficients 
of the matrices H,X,K,Y are recovered by considering 0^ for i G {1,2}, j G 
{3, . . . ,771 + 1}, or i, j G {3, . . . ,7ft + 1}, or i G {3, . . . ,77^ + 1}, j G {di, . . . 

or i,j G {di, . . . , dm+i}, respectively. Therefore, they belong to Im$J. We have 
si = (?!'i,2 S Im$2- By Lemma |H](d), we have t[ = <l>iiAi+i S Im<i>^ for ah / G 
{3, . . . ,p+l}. Due to the definition of given in Lemma[8l we infer that t; G Im (f>^ 
for ain G {3, . . . ,p + 1}. Considering we see that 7/j G Im$2 for all j. We 

have Uj — 4'dj,ip+i G Im^S fo^ J — ^^"^ moreover considering (pi^^-^^^dj we see that 
G Im <^*^ for all j > k. Finally, we obtain that $2 is surjective. 

c) Suppose that all numbers is, . . . , tp+i, are nonzero, and let us show that 
'^dJS) S ^u"- Let Ui denote the restriction of u to the subspace (771, . . . , ry^), and let 
\{ui) be the sequence of its Jordan block sizes. First, notice that 771, ... , rjm+i G 
kerw, hence for all i G {1, . . . ,m, + 1}, \{ui) ~ (1, . . . , 1). Next, we have either 
Mf-i(77,„+p) = v[uP'\vp+i) (if A: > 0) or uP-\-q^+p) = u^-^Vp+i) (if k = 0). By 
Lemma [5](c), uP~^[vp+i) ^ 0. It follows \{um+p) = (p, 1, . . . , 1) and necessarily 
\{ui) = {i~m, 1, . . . , 1) for alH G {to+2, . . . , 771+75}. Also, as fd^ , . . . , fd^+i G ker m, 
we have X{ui) = (p, 1, 1) for all i G {m+p+ 1, . . . , 2777+75+ 1}. Finally, as 
A(M2m+2p) = A(m) = (p,p, 1, . . . , 1), we derive X{ui) = (p, 7 - 2r)7 - p, 1, . . . , 1) for 
all i G {2777 + 77 + 2, . . . , 27n + 277}. For all i, the sequence X{ui) indeed coincides 
with the lengths of the rows of the subtableau of of entries 1, . . . , 7. Therefore, 

d) follows from Lemma [5](e) and the definition of the vectors 77^. 

(2) We suppose di < p + m. 

We always have di > m + 2. In particular, in this case, we have p > 3. Due 
to the definition of D, we have {d2, . . . , dm+i} C {77 + tm, . . . ,77 + 27?7 + 1}, so 
that there are exactly two numbers h,k G {0, . . . , 777 + 1} with h < k such that 
p + m + h,p + m + k^ {di, . . . , dm+i}- Then, the indices dj and ii are given by 

dj =p + m + j-2 Vj G {2, . . . , /i + 1}, dj = 77 + 777 + j - 1 Vj G {/7 + 2, . . . , fc}. 



dj — p + m + j Vj G {fc + 1, . . . , 777 + 1}, 
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and, letting di = m + c, 

ii — m — 1 + I VZ G {3, . . . , c}, ii=m + l V/ G {c + 1, . . . ,p — 1}, 
ip — m + p + h, ip+i ^ m + p + k, ii — 2m + / \/l £ {p + 2, . . . , 2p}. 
The indices are then organized as foUows: 

is < . . . < ic < di < ic+i < . . . < ip-i < d2 < . . . < dh+i < ip < dh+2 < ■ ■ ■ 

< dk < ip+i < dk+i < . . . < d,n+i < ip+2 < ■ ■ ■ < «2p- 
For I e {!,..., c}, we define a number xi by setting Xc = yi, and by induction 
xi = —ti+2Xi+i for / G {2, . . . , c — 1}, and xi = — (^3 — Si)x2- Then, we put: 

Vi = fi+ ^ifdi , m ^ h + X2fdi , 

Till =vi+xifd, V/ G {3,...,c}, rid, = fdi +y'iVc+i, 

Vh =Vl+ ti+2Vl+l V/ G {c + 1, . . . ,p - 1}, 

Vdj = fd, + VjVp + y'jVp+i Vj G {2, . . . , /i + 1}, 

m+1 

Vtp ^Vp + tp+2Vp+l + E Vjfdj , 
j=h+2 

m+1 

Vd, = fd, + y'jVp+i yj e {h + 2,...,k}, 77j^^i = Vp+1 + J2 y'jfdj , 

j=k+l 

Vdj ^ fd, Vj G {fc + 1, . . . ,TO + 1}, and rji^ = vi G {p + 2, . . . , 2p}. 
We show properties a) - d). 

a) Let us check that u{rii) G (771, . . . , 77^) for ah i. First, notice that 771, ... , Tym+i G 
kerw. Similarly as in case (1), using Lemma|S](c), we have: 

-"(wa) = «i + hv2 = (ei + sie2 + xi/dj + (^3 - si)(e2 + 2:2/^1) G (771, . . . ,77,„+i), 
and for / G {4, . . . ,c+ 1}: 

u{vi) = Vi-2 +tlVi-i = (u;_2 +Xi-2fdi) + Xi-ifd^) e {rji : 1 < i < 

Using that Xc = yi and ic+2 = <di-m+2 = -2/i2/i, we get: 

u{vc+2) = Wc + ic+2Wc+i = (vc + Xcfdi) - + y'l^c+i) G (r^i : 1 < i < di). 

Moreover, u{vi) = vi-2 + tivi-i = rji^_2 for I G {c + 3, . . . ,p + 1}. Then, us- 
ing in addition that u{fdj) = for all j, we get: u(rii) G (771, . . . , 77^) for all 
i e {di, . . . , dm+i, 73, ■ • • , ip+i}- Observe that t;i, . . . , 7;p+i G (?7i, • . • ,?7ip+2-i)- Ap- 
plying Lemma |8](b), we derive that 7x(77i) G (771, ...,77^) also for i G {7^+2, • ■ • , *2p}, 
which completes the proof of property a). 

b) To show that the map $d is a closed immersion, as in case (1), we show that 
its associated algebra morphism $J is surjective. Exactly as in case (1), we obtain 
that the coefficients of the matrices X,Y,H,K lie in the image of We have 
si — 01,2 G Ini^J. Let t'l be the numbers introduced in Lemma [S](d). For I G 
{3, . . . we get t[ = t'.^p+2-{2p-i+2) = <?^i2p-i+2,»2p-,+3 by applying Lemma [8](d). 
Similarly, we have tp+i = 0»p+i,»p+2 and t'p + tp+2 = <t)tp ,ip+i ■ Then, in view of the 
definition of the numbers ij, we infer that ti G Ini$2 for alH G {3, . . . ,p -I- 2}. We 
see that xi G Ini$2 for aU I G {1, . . . ,c}, by considering 02,rfi and for 
/ > 3. Thus in particular yi = Xc <^ Im'J'd- ^l^o, y[ = (/>di,i,+i G Im<i>^. We have 
yj — 4'dj,ip G Im$)5 for all j G {2, . . . , ft, + 1}, while for j > ft. + 1 we see that 
yj G Ini<i>^ by considering (pi^^dy Similarly, for j G {2, . . . , 7n -|- 1}, we get that 
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y'j E Ini$| by considering either (if j < k) or (t>ij,+i,dj (for j > k). Finally, 

we have shown that is surjective. 

c) Suppose that all numbers is, ... , tp+2, yi^Vi, y'2 ^-re nonzero, and let us show that 
$(<) S ^u"- As in case (1), we denote by Ui the restriction of u to the subspace 
(?7i, . . . , r/i), and by X{ui) its Jordan form. As in case (1), since 771, ... , r/„i+i £ keru, 
we have X{ui) = (!,...,!) for all i G {1, . . . , m + 1}. We have uP^^{vp+i) ^ by 
Lemma [5](c), which implies uP~^{rim+p) 7^ 0, therefore X{ui) = (i — m, 1, . . . , 1) 
for all i G {to + 2, . . . ,to + p}- Notice that keru C (r/i, . . . ,?72m+p+i), and since 
dimkeru — 2m + 2, we have necessarily A(u2m+p+i) — (p, 1, 1) (with 2m + 
1 terms 1) and consequently A(ui) is of the form (p, !,...,!) for all i G {m + 

2. . . . , 2to+p+ 1}. Finally, as in case (1), since X{u2p+2m) = X{u) ~ (p,p, 1, . . . , 1), 
we derive that X{ui) — {p,i~ 2m ~p, 1, . . . , 1) for alH G {2to+p + 2, . . . , 2p+2m}. 
For all i, the sequence X{ui) coincides with the lengths of the rows of the subtableau 
of of entries Therefore, $d(i) G ^I'- 

d) follows from Lemma [5](e) and the definition of the vectors 771, ... , rj2p+2m- 
The proof of Proposition [TT] is then complete. □ 

7. Components as iterated fiber bundles over projective spaces 

Recall that, for T a standard tableau, we denote by T* its transpose (that is, the 
rows of T* coincide with the columns of T). To the tableaux T and T*, we associate 
the components K?" and K?" , imbedded in the appropriate Springer fibers Bu and 
Bu* ■ In this section, we consider the situation where contains a dense Jordan 
orbit, and try to derive properties for K?" . The purpose of the section is to show 
Theorem [21 which states that in this situation, K?" is an iterated fiber bundle of 
base a sequence of projective spaces. The proof is done by induction, and uses the 
combinatorial description of components with a dense Jordan orbit, provided by 
Proposition [2l 

7.1. Concatenation of standard tableaux. In this subsection, we show a pre- 
liminary result, saying that if the standard tableau T is obtained as the concate- 
nation (which we will call the sum) of two standard tableaux Ti,T2, then the 
component iC^ is isomorphic to the product of the components /C^^ , /C^^ . We start 
with the definition of the sum of two standard tableaux. 

Let Yi, Y2 be two Young diagrams with rii and n2 boxes, respectively. We define 
the sum F = Fi -|- ^2 as the Young diagram with ni + n2 boxes such that for all j, 
the length of the j-th row of Y is the sum of the lengths of the j-th rows of Yi and 
I2 ■ Now, let Ti , T2 be two standard tableaux of shape Yi and Y2 respectively. We 
define the sum T = Ti +T2 a.s the standard tableau of shape Y such that for all j, 
the j-th row of T contains the entries of the j-th row of Ti , and the entries of the 
j-th row of T2 increased by ni. For instance: 



If Ti 



1 




3 




4 




5 





and Tq = 



1 


3 


2 


4 



then T = Ti + = 



1 


2 


6 


8 


3 


7 


9 




4 






5 







To the tableaux Ti,T2,T, we associate respective components K.^^ , IC^^ , iC^ 
imbedded in the appropriate Springer fibers. 

Proposition 12. Suppose T = Ti + Tz. Then, = /C^^ x 



30 



LUCAS FRESSE 



Proof. Let V ^ C"i+"^ and let u e End(y) be nilpotcnt of Jordan form Y{u) ^ Y, 
so that the component K.'^ is imbedded in the Springer fiber Bu. For a u-stable 
subspace W <ZV, we denote by Y{u^^y) and Y{ui^y/w) the Young diagrams repre- 
senting the Jordan forms of the maps induced by w on and V/W respectively. 
Let Gm{V) be the set of m-dimensional u-stable subspaces of V. Our first step is 
to show that the set 

A^{We GnAV) ■■ Y{u\w) = Yi and Y{u\v/w) = Y2} 
is a single point. 

We show this by induction on ni+n2 with immediate initialization if ni+n2 ~ 0. 
Assume ni + n2 > 0. As in the proof of Proposition SI we denote by V the space 
of linear forms cj) : V ^ C and by u : ^ the dual nilpotent map of m. If 

C y is a subspace, let ^ {(p £ V : W C kercj)} be its dual space. Let 
A= {W e Gn-AV) ■■ Y{inw) - Y2 and Y{u^y/^) = Y^}. Notice that W e A 

if and only if £ A. Therefore, up to considering A instead of A, we may 
assume that the length of the first column of Yi is bigger than or equal to the 
length of the first column of Y2. Thus, the lengths of the first columns of Yi and 
Y are equal, which implies that every W A satisfies dimker(uny) = dimkerw, 
hence kerw C W. Let r = dimkerw. Let Y( be the Young diagram obtained from 
Yi by deleting the first column. Let V' = V/keiu and let u' G End(y) be the 
nilpotent map induced by u. Thus Y{u') = Y( + Y2. Let A' = {W e Gn.-riV) : 
Y{u'^yy) — Y{ and Y{u'^y,^y^^) = Y2}. It is easy to see that W & A it and only if 
W/keiu e A'. By induction hypothesis. A' is single point. It results that ^ is a 
single point, as it was claimed. 

Denote by Wi the unique element of A. 

For / e {1:2} and j £ {1, . . . , ri;}, let Yp be the shape of the subtableau of T; 
of entries 1, . . . , j. Alternatively, for < i < j < ni + 71,2, let Yp^- be the shape of 
the rectification by jeu de taquin of the skew subtableau of T of entries i + . . . ,j 
(we refer to [6] for the definition of jeu de taquin). By [H Theorem 3.3], the set 
{F = (T^o, • ■ • , Kti+ns) £ '■ Y{u^Vj/Vi) — ^j^/i} ^ nonempty open subset of the 
component /C^. On the other hand, by definition of T, we have Y,yQ — Yp'^ for all 
j € {1, . . . , rii} and Yy„j^ = '^f-ni J ^ {"-i + 1, • ■ • , + 712}. It follows that 

{F G K7 : Vn^ G A} is a nonempty open subset of /C-^, and we infer that Vn^ — Wi 
for aU (Fo,...,Ki+«2) e K7. 

Let ui = u\Wi and U2 = u\v/Wi be the nilpotent maps induced by u. Let Bi 
(resp. B2) be the variety of complete fiags of Wi (resp. of V/Wi), and let B^ C Bi 
(resp. Bu2 C B2) be the subvariety of ui-stable (resp. M2-stable) fiags. Thus the 
components IC^^ , are imbedded in B^ and Bu2 respectively. The map 

^-.{FeBu-. Vn, ^W^}^ Bu,xBu2, {Vo,..., K,+„2) ^ ((VS);4o, {Vj/W^)]l^J 

is an isomorphism of algebraic varieties. Hence, it induces an isomorphism of iC^ 
onto its image. Let $1, $2 be the projections of <!> on both terms. We have 

{FelC^: Y{u^v,) = Yp, Vj = 1, . . . ,ni} C ^^\lC^^) 
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while {F e K-'^ : Y{u\Vj ) = , Vj = 1, . . . , rii} is a nonempty open subset of K-^ . 
Therefore, <i>i(/C^) C /C^^. Similarly, we have 

{F e /C^ : r(7/|y,/y„^ ) = Y^^^^ , Vj = m + 1, . . . , m + na} c <^^\IC^-') 

while {F e /C^ : Y{u^y./y^^ ) — Y^_^^^ , Vj = tii + 1, . . . , ni + 712} is a nonempty 
open subset of /C^. Therefore, $2(/C^) C /C^^ It results <I>(/C^) C /C^^ x IC^\ 
The product /C^i x /C^= is an irreducible variety, and due to formula ([1]), it has the 
same dimension as K.^ . Hence, we actually have the equality ^{IC^) = IC^^ x K.^^ . 
We have finally obtained that $ restricts to an isomorphism between K.^ and the 
product /C-^i x . The proof of the proposition is then complete. □ 

7.2. Proof of Theorem [2j The proof relies on Proposition [T2] and the following 
additional preliminary result (see [5, Proposition 6.1]). 

Lemma 9. Let T be a standard tableau of entries 1, . . . , n, and let T' he the sub- 
tableau of entries l,...,ri — 1. Let K,'^ ^K,^ be the components corresponding to 
T, T' in the appropriate Springer fibers. Assume that n lies in the last column of 
T . Let k denote the length of the last column of T . Then JC^ is a locally trivial 
fiber bundle of base the projective space P''^^, of fiber isomorphic to KF . 

Proof of Lemma [Pj Let s be the nilpotent index of u (which coincides with the 
number of columns of T). We then have k = dim(T^/kerM''~^). In the case where n 
lies in the last column of T, it follows from the definition of K,^ that ker u^~^ C Vn-i 
for all F = (Vb, . . . , F„) G K?^ . Then, we consider the map 

$ : /C^ ^ P'^-i, {Vo, . . . , K) ^ K-i/kerT/^-i 

and we show that it is a locally trivial fiber bundle of fiber K7 (see [SI Proposition 
6.1], or Theorem 2.1]). □ 

Now, let us prove Theorem [2j We fix y = C" and a nilpotent endomorphism 
u e End(y). Let \{u) = (Ai,...,Ar) be the sizes of its Jordan blocks and let 
Y{u) be the corresponding Young diagram (i.e., of rows of sizes Ai, . . . , A,.). Let 
\*{u) = (A*, . . . , A*) be the conjugate partition of n. Let u* G End(y) be nilpotent, 
such that w, u* have conjugate Jordan forms, hence \{u*) — X*{u). Let Y{u*) 
be the Young diagram corresponding to u* . If T is a standard tableau of shape 
F(m), then its transposed tableau T* has shape Y[u*). Hence, to the irreducible 
component /C^ C S„, we associate the component /C^ C We suppose that 

/C'^ contains a dense Jordan orbit. Our purpose is to show that /C^ is an iterated 
fiber bundle of base (P^, . . . , P^^^^, . . . , P^, . . . , P'^''"^). We reason by induction on 
71, with immediate initialization for n ~ I. Suppose the property holds until the 
rank n — 1 > 1 and let us show for n. 

By Proposition [21 the tableau T is of the form T = T^^ for some tt € H^ . Set 
TT = {Ii, . . . , Ir), where \ = Xj and /i U . . . U /,. = {1, . . . , n}. We distinguish two 
cases, depending on whether 1, n belong to the same subset Lj or not. 

(1) Suppose there is j G {1, . . . , r} such that 1, n G Ij. 

Then, we have < Ij for all k ^ j (see section 12.3.21) . By definition of the 
set H^, this implies that = min{|/fc| : k — 1, . . . , ?'}. In other words, A^ is the 
length of the minimal row of the tableau Tt^. By definition of (see section [2.3. ip . 
n is the last entry of the A^-th column of T^, hence it lies in the last row of T^,. By 
consequent, n lies in the last column of the transposed tableau T* — (T^r)*. 
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Note that the last column of T* has length Ar- Let (T*)' be the subtableau of 
T* of entries 1, . . . , n — 1. By Lemma [9l there is a fiber bundle /C^' p^. -i Qf 
fiber isomorphic to /C^"^ . 

Let X'j. = \r~l and for k ^ r, let A'j, = Afc. Similarly as in section l4?2| we consider 
u' e End(C""i) of Jordan form A(u') = (A'l, . . . , A^). Set /j = \ {n}, and /[. = 4 
for k 7^ j. Let tt' G (/(, . . . , /^). As in section [42| we see that tt' S H^/. Moreover, 
the tableau T^/ is the subtableau of of entries 1, . . . , n — 1. It follows that (T*)' 
coincides the transposed tableau (T^')*. Then, by induction hypothesis, the com- 
ponent /C(^*)' is an iterated fiber bundle of base (P\ . . . ,P^i-\ . . . ,pi, . . . ,P^--2)^ 
Therefore, IC'^ is an iterated fiber bundle of the desired base. 

(2) Suppose there are j,k £ {1, . . . ,r}, j ^ k such that 1 E Ij, n e h- 

We set in this case ni — max/j. As n ^ Ij, we have ni < n. Again according to 
the definition of the set n„, the sequence tt has no crossing, which implies that for 
all I, we have either // C [1, ni] or /; C [ni + 1, n]. We consider the two subsequences 
TTi = (// : Z = 1, . . . ,r, // C [l,ni]) and 7r2 = : / = 1, . . . ,r, /; C [rti + l,n]), 

where : {ni + 1, . . . ,n} — )■ {1, . . . , n — ni} is defined by = i — ni. Let 
ui G End(C"i) and U2 G End(C"-"2) be nilpotent of Jordan forms A(ui) = (A; : 
Z = 1, . . . , r, /; C [1, ni]) and A(u2) = (A; : Z = 1, . . . , r, /; C [rii + 1, n]) respectively. 
Then, we clearly have tti G and 7r2 G H^^ . 

Let Ti — Tttj and T2 — T-^^ be the standard tableaux associated to tti and 7r2, 
and let (Ti)* and (T2)* be their respective transposes. From the definition of the 
tableaux T7r,r7ri,T7r2, it is easy to see that the transpose T* = (T^r)* is in fact 
the sum T* = (Ti)* + (T2)*. By Proposition [H it follows that the component 
/C^ is isomorphic to the product K.^"^^^ x /C'"^^-' . Moreover, by induction hypoth- 
esis, /C'-^i' is an iterated fiber bundle of base (P^, . . . ,F'^'~^)i where I runs over 
{I = l,...,r : Ii (Z [l,ni]}. Similarly /C^^^^* is an iterated fiber bundle of base 
(P^, . . . ,P''''~^); for / running over {I = 1, . . . ,r : Ii C [ni + 1, n]}. We infer that 
/C^ is an iterated fiber bundle of the desired base. 

The proof of Theorem [2] is then complete. 



Index of the notation 

gH V, n, u, B, Bu, 

imi A(ii), r(u), A*(u), 

[2X2] Y^, Y{u\v,), Bl, /C^, 

[2X1 (tt G A„), T; (tt G a;), u*, T*, 

[22] TT > p, 

[13] z^, 

[2X1] n„, ^ : {1, . . . , n} ^ {0, 1, . . . , n}, Z,, (tt G n„), Hi 

[2X2] < 4, ni, 

[O To, ^■(to), S„, i^a, D, Td, ad, Fd, 

[S3] ^d, 

[O yi+>2,Ti+T2. 
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